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Abstract. We consider the fundamental solution to the wave equation 
on a manifold with corners of arbitrary codimension. If the initial pole 
of the solution is appropriately situated, we show that the singularities 
which are diffracted by the corners (i.e., loosely speaking, are not prop- 
agated along limits of transversely reflected rays) are smoother than the 
main singularities of the solution. More generally, we show that subject 
to a hypothesis of nonfocusing, diffracted wavefronts of any solution to 
the wave equation are smoother than the incident singularities. These 
results extend our previous work on edge manifolds to a situation where 
the fibers of the boundary fibration, obtained here by blowup of the 
corner in question, are themselves manifolds with corners. 
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1. Introduction 

1.1. The problem and its history. Let Xq be a manifold with corners, of 
dimension n, i.e., a manifold locally modeled on (M"'")-'^"'"^ xR""-'^"^, endowed 
with an incomplete metric, smooth and non-degenerate up to the boundary. 
We consider the wave equation 

(1.1) \Ju = Dfu- Au = on Mo = Rx Xo, 

where Dt = i^^{d/dt) and A is the nonnegative Laplace-Beltrami opera- 
tor; we will impose either Dirichlet or Neumann conditions at OXq. As is 
well known by the classic result of Duistcrmaat-Hormandcr"'^ (see [4]), the 
wavefront set of a solution u propagates along null-bicharacteristics in the 
interior. However, the behavior of singularities striking the boundary and 
corners of Mq is considerably subtler. 

Indeed the propagation of singularities for the wave equation on mani- 
folds with boundary is already a rather subtle problem owing the the dif- 
ficulties posed by "glancing" bicharacteristics, those which are tangent to 
the boundary. Chazarain [1] showed that singularities striking the bound- 
ary transversely simply reflect according to the usual law of geometric optics 
(conservation of energy and tangential momentum, hence "angle of incidence 
equals angle of reflection") for the reflection of bicharacteristics. This result 
was extended in [23] and [24] by showing that, at glancing points, singu- 
larities may only propagate along certain generalized bicharacteristics. The 
continuation of these curves may fail to be unique at (non-analytic) points 
of infinite-order tangency as shown by Taylor [31]. Whether all of these 
branches of bicharacteristics can carry singularities is still not known. 

As was shown initially in several special examples (namely those amenable 
to separation of variables) the interaction of wavefront set with a corner 
gives rise to new, dijfractive phenomena, in which a single bicharacteristic 
carrying a singularity into a corner engenders singularities releasing from 
the corner along a whole family of bicharacteristics. For instance, a ray 
carrying a singularity transversely into a codimension-two corner will in 
general produce singularities on the entire cone of rays reflected in such 
a way as to conserve both energy and momentum tangent to the corner 



This result, viewed in the context of hyperbolic equations, built on a considerable 
body of work prior to the introduction of the wavefront set; see especially [12], [15]. 
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(see Figure 1) The first diffraction problem to be rigorously treated was 




Figure 1 . A ray carrying a singularity may strike a corner of 
codimension two and give rise to a whole family of diffracted 
singularities, conserving both energy and momentum along 
the corner. 

that of the exterior of a wedge, ^ which was analyzed by Sommerfeld [30]; 
subsequently, many related examples were analyzed by Friedlander [5], and 
more generally the case of exact cones was worked out explicitly by Cheeger- 
Taylor [2], [3] in terms of the functional calculus for the Laplace operator 
on the cross section of the cone. All of these explicit examples reveal that 
generically a diffracted wave arises from the interaction of wavefront set 
of the solution with singular strata of the boundary of the manifold; this 
has long been understood at a heuristic level, with the geometric theory of 
diffraction of by Keller [11] describing the classes of trajectories that ought 
to contribute to the asymptotics of the solution in various regimes. 

Subsequent work has been focused primarily on characterizing the bi- 
characteristics on which singularities can propagate, and on describing the 
strength and form of the singularities that arise. The propagation of sin- 
gularities on manifolds with boundary was first understood in the analytic 
case by Sjostrand [27, 28, 29], and subsequently generalized to a very wide 
class of manifolds, including manifolds with corners, by Lebeau [13, 14]. In 
the C°° setting employed here, the special case of manifolds with conic sin- 
gularities was studied by Melrose- Wunsch [26] and edge manifolds (i.e., cone 
bundles) were considered by Melrose- Vasy- Wunsch [25]. Vasy [34] obtained 
results analogous to Lebeau's in the case of manifolds with corners, and it 
is the results of this work that directly bear on the situation studied here. 

While the foregoing results characterize which bicharacteristics may carry 
singularities for solutions to the wave equation, they ignore the question of 
the regularity of the diffracted front. In general, we expect a singularity in 



This is not in fact a manifold with corners, but is quite closely related. 
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Figure 2. Geometric optic rays hitting a corner F, emanat- 
ing from a point o. The rays labelled G are geometric at F, 
while those labelled NG are non-geometric at F. The left- 
most geometric ray is a limit of rays like the unlabcllcd one 
shown on the figure that just miss F. The blown up version 
of the picture, i.e. where (r, 9) are introduced as coordinates 
at the origin, is shown on the right. The front face (i.e., the 
lift of the corner) is denoted ff . The reflecting line indicates 
the broken geodesic of length vr induced on ff given by r = 0, 
9 G [0, ^o]- The total length of the three segments shown 
on ff is vr; this can be thought of as the sum of three angles 
on the picture on the left: namely the angles between the 
incident ray and the right boundary (corresponding to the 
first segment), the right and left boundaries, finally the left 
boundary and the emanating reflected ray. 

WF* (which is to say, measured with respect to H^) to propagate strongly, 
i.e. certain "geometric" bicharacteristics through the point in question must 
also lie in WF*; in simple cases, these are known to be those which are 
locally approximable by bicharacteristics that miss the corners and reflect 
transversely off boundary hypersurfaces. More generally, we can define geo- 
metric bicharacteristics as follows: To begin, we blow up the corner, i.e. 
introduce polar coordinates around it; this serves to replace the corner with 
its inward-pointing normal bundle, which fibers over the corner with fiber 
given by one orthant of a sphere, S''^ fl (M"'")'^^-^. We will define geometric 
broken bicharacteristics passing through the corner as those that lift to the 
blown-up space to enter and leave the lift of the corner at points connected 
by generalized broken geodesies of length tt with respect to the naturally de- 
fined metric on n(M+) ^"'"^, undergoing specular reflection at its boundaries 
and corners.^ Bicharacteristics that enter and leave the corner at points in a 
flber that are not at distance-7r in this sense are referred to as "diffr active." 
See Figure 2. 

It turns out that subject to certain hypotheses of nonfocusing, the singu- 
larities propagating along diffractive bicharacteristics emanating from the 



The actual definition is considerably complicated by the existence of glancing rays, 
and is discussed in detail in §3.4. 
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corner will be weaker than those on geometric bicharacteristics. In particu- 
lar, the fundamental solution satisfies the nonfocusing condition, hence one 
consequence of our main theorem is as follows: 

Theorem 1.1. Consider the fundamental solution Uq to the wave equation, 
with pole a sufficiently close to a corner, Y, of codimension k with a corre- 
spondingly short geodesic from otoY meeting each boundary face containing 
Y transversally. While Uq lies locally in ^ fj-n/2+1-0 ^ j^^g^ singular by 
{k — l)/2 derivatives along diffractive bicharacteristics emanating from W, 
that is, it lies microlocally in ij(-"'+*^+i-o)/2 ^/jere. 

A more precise version of this result (with "sufficiently close. . . " eludicated) 
appears in Corollary 9.6. 

A more general theorem on regularity of the diffracted wave subject to 
the nonfocusing condition is the central result of this paper. See §1.2 for a 
rough statement of the nonfocusing condition and §6 for technical details; 
the main theorem is stated and proved in §9. 

There are a few related results known in special cases. Gerard-Lebeau 
[7] explicitly analyzed the problem of an analytic conormal wave incident 
on an analytic corner in M^, obtaining a 1/2-derivative improvement of the 
diffracted wavefront over the incident one. The first and third authors [26] 
obtained corresponding results for manifolds with conic singularities, which 
the authors subsequently generalized to the case of edge manifolds [25] . 

1.2. The hypothesis. We now describe the nonfocusing hypothesis in more 
detail, in the context of the simplest geometric situation to which our results 
apply. 

It is easily seen from the explicit form of the fundamental solution that 
it is not in general true that diffracted rays are more regular than incident 

singularities. For example, take A to be the Dirichlet Laplacian in a sectorial 
domain {r G [0, 00),^ G [0, ^0]} in 1^^) and consider the solution 

(1.2) ^^4,iey(r-r,), 



where (j) G C^((0, ^?o)) is supported close to some value 9'. This solution is 
manifestly locally in H^^^~^ by energy conservation. On the other hand one 
may see from the explicit form of the propagator in [2] , [3] after convolution 
with (f)(6) that a spherical wave of singularities emanates from the corner at 
time t = ro, with regularity H^l'^~^, hence the same as the overall Sobolev 
regularity of the solution. The bicharacteristics along which singularities 
propagate are, for short time, just the lifts of the straight lines r = ro ± 
6 G supp(/), hence travelling straight into or out of the vertex. Perturbing 
these slightly to make them miss the vertex, we see that in fact there are two 



Here and henceforth we emply the notation s — to mean s — e for all e > 0. 
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"geometric" continuations^ for each bicharacteristic, depending on whether 
we approximate it by geodesies passing to the left or to the right of the vertex 
(see Figure 2). Thus, the geometric continuations of the rays on which 
singularities strike the vertex are close to the two possible continuations 
of the single ray = 6', hence do not include all points on the outgoing 
spherical wave. So we have an example in which there are "non-geometric" 
singularities of full strength. 

The nonfocusing condition serves exactly to rule out such situations. The 
above example has the property that applying negative powers of (Id+D^) 
does not regularize the short-time solution (or the initial data) as it is already 
C°° in the 9 direction. In this simple setting, the nonfocusing condition says 
precisely that the solution is regularized by negative powers of (Id+Dj), or, 
equivalently, that it can be written 

for some s exceeding the overall Sobolev regularity. For instance, the fun- 
damental solution 

sintVA , , 

u = ■j= — o{r — r )o{(f — 6 ) 

looks, after application of a sufficiently negative power of (Id+D^), like a 
distribution of the form 

5{r-r)f{e) 



with / G C^, M 2> 0, hence we can write 

(Id+Z)2)^i7V2-0^ 

for some S> 0, at least locally, away from the boundary. We also observe 
that the example (1.2) enjoys a property which is essential dual to the non- 
focusing condition, to whit, fixed regularity under repeated application of 
Dq. We refer to this property as "coisotropic regularity" (the terminology 
will be explained in §6) and it plays an essential role in our proof. 

The nonfocusing condition and coisotropic regularity in a more general 
setting are subtler owing to their irreducibly microlocal nature: the operator 
Dq has to be replaced by a family of operators characteristic along the 
flowout of the corner under consideration. 

1.3. Structure of the proof. We now describe the logical structure of the 
proof, as it is somewhat involved. The heart of the argument is a series of 
propagation of singularities results, obtained by positive commutator meth- 
ods. In order to be able to distinguish between "geometric" and "diffractive" 
bicharacteristics at a corner of Mq, we begin by performing a blowup of the 
corner, i.e. introducing polar coordinates centered at it, to obtain a new 



^What a geometric continuation of a bicharacteristic is in general will be elucidated in 
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manifold with corners M. The commutants that we employ in our com- 
mutator argument almost lie in a calculus of pseudodifferential operators, 
the edge-b calculus, that behaves like Mazzeo's edge calculus [16] near the 
new boundary face introduced by the blowup (henceforth, the edge) and 
like Melrose's b calculus [19, 21, 22] at the remaining boundary faces. The 
complication, as in the previous work of Vasy [34] on propagation of singu- 
larities, is that in order to control certain error terms we in fact must employ 
a hybrid differ ential-pseudodifferential calculus, in which we keep track of 
certain terms involving differential operators normal to the boundary faces 
other than W. 

Even this propagation result alone is insufficient to obtain our result, as 
it does not allow regularity of greater than a certain degree to propagate out 
of the edge, with the limitation in fact not exceeding the a priori regularity 
of the solution. What it does allow for, however, is the propagation of 
coisotropic regularity of arbitrarily high order, suitably microlocalized in 
the edge-b sense. This allows us to conclude that given a ray 7 leaving 
the edge, if the solution enjoys coisotropic regularity along all rays incident 
upon the edge that are geometrically related to 7, then we may conclude 
coisotropic regularity along 7 as well. (If some of these incident rays are 
glancing, i.e. tangent to the boundary, we require as our hypothesis actual 
differentiability globally at all incoming glancing rays rather than coisotropic 
regularity, which no longer makes sense; the version of the commutator 
argument that deals with these rays is the most technically difficult aspect 
of the argument.) In particular, then, global coisotropic regularity together 
with C°° regularity at glancing rays implies global coisotropic regularity 
leaving the edge away from glancing. We are then able to dualize this result 
to show that the nonfocusing condition propagates as well. 

Consequently, wc show that subject to the nonfocusing condition, in the 
model case of the sector considered above, if 7 is an outgoing ray such that 
the solution is C°° along all incoming rays geometrically related to it, 

u G {ld+De)^H'' along 7, 

where in general s = (— n -|- -|- l)/2 — for the fundamental solution near a 
codimension-A; corner on an n-manifold, hence s = 1/2 — for the sector. On 
the other hand the microlocal propagation of coisotropic regularity shows 
that 

Dgu £ H""" for all k along 7 

where sq is the overall regularity of the solution (— n/2 + 1 — for the 
fundamental solution). An interpolation argument then yields 

u G along 7, 

proving the theorem. 

The authors acknowledge the support of the National Science Foundation 
under grants DMS-0408993 (RM), DMS-0733485 and DMS-0801226 (AV) 
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2. Geometry: metric and Laplacian 

Let Xq be a connected n-dimensional manifold with corners. We work 
locally, near a given point in the interior of a corner Y of codimension / + 1. 
Thus, we have local coordinates xi, . . . , xj+i, yi, . . . , in which Y is 

given hy xi = . . . = Xf^i = 0. Suppose that go is a smooth Riemannian 
metric on Xq, non-degenerate up to all boundary faces. We may always 
choose local coordinates in which it takes the form 

(2.1) = ^ aij dxi dxj + ^ bij dyi dyj + 2 ^ Cij dxi dyj 

with Cjj|y = 0. This can be arranged by changing the y variables to 

yj = y'j + ^^kyjk{y') 

while keeping the Xj unchanged. The the cross-terms then become 
2 ^ Cij dxi dy'j + 2 ^ bij Yjk dy- dxk, 

which can be made to vanish by making the appropriate choice of the Yjk, 
using the invertibility of {bij}. 

Let X = [Xo]Y], be the real blowup of Y in Xq (see [21, 20]) and let Y 
denote the front face of the blowup, which we also refer to as the edge face. 
Recall that the blow-up arises by identifying a neigborhood of Y in Xq with 
the inward-pointing normal bundle N^Y of Y in Xq and blowing up the 
origin in the fibers of the normal bundle (i.e. introducing polar coordinates 
in the fibers). Since the normal bundle is trivialized by the defining functions 
of the boundary faces, a neighborhood of F in X is globally diffeomorphic 
to 

[0, oo)xY X Z, where Z = n [0, oo)-^+^ 

We use coordinates zi, . . . ,Zf in Z; near a corner of Z of codimension k, 
these are divided into zj, . . . , G [0, oo) and z'^^-^, ■ ■ ■ ,z'j- G M. There is 
significant freedom in choosing the identification of a neighborhood of Y 
and the coordinates on the fibers of the normal bundle but the naturality 
of the smooth structure on the blown up manifold, [Xo;y], corresponds to 
the fact that these are smoothly related. 

The metric go identifies NY as a subbundle of TyXq. This corresponds 
to coordinates {xi,yj) as above with the dyj orthogonal to dxi at Y. In 
the blow-up polar coordinates are introduced in the Xi but the yj arc left 
unchanged. It is convenient to think of these as polar coordinates induced 
by aij dxi dxj. In particular, we choose 

x= [^aij{{),y)xiXjy^ 
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Figure 3. A manifold Xq with corners of codimension two 
(below) and its blowup X (top). A geodesic hitting the 
codimension-two corner is shown, together with its lift to 
the blown-up space X, which then strikes the front "edge" 
face of the blowup. 

as the 'polar variable' which is the defining function of the front face. With 
this choice, the metric takes the form 

(2.2) g = dx^ + h{y, dy) + x'^k{x, y, z, dz) + xk'{x, y, z, dx, dy, x dz). 

More generally, one can simply consider the wider class of manifolds with 
corners with metrics of the form (2.2), we refer to these as 'edge metrics' for 
brevity. Note, however, that there are no results currently available in this 
wider setting that limit propagation of singularities to generalized broken 
bicharacteristics. Despite this, the results in §7 remain valid in this more 
general context. 
Now, set 

M = RtxX, Mo = M X Xo, W = RxY, 

where W now represents the space-time "edge." 

Let Diff*g(X) denote the filtered algebra of operators on C°°(X) generated 
by those vector fields that are tangent to the fibers of the front face Y 
produce by the blow up; xDx, xDy-, Dz^ form a local coordinate basis of 
these vector fields. See §3 and §5 for further explanation of this algebra and 
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of our terminology. The same definition leads to the algebra of operators 
Diff*g(M) on C°°{M) with local generating basis xDf, xDx, xDy., Dzj. 

Lemma 2.1. The Laplace operator A G x^^ DiS^{X) on X is of the form 

AeDl + + \az + Ay + x-^ Diff2g(X) 
IX x^ 

where Az is the Laplace operator in Z with respect to the metric h (and 
hence depends parametrically on x and y) and Ay is the Laplacian on Y 
with respect to the metric k. 

In particular, D = - Ax e x"^ Difr^s(M). 

3. Bundles and bicharacteristics 

In this section, we discuss several different geometric settings in which 
the propagation problem for □ on Mq may be viewed. Somewhat loosely, 
each of these corresponds to a choice of a Lie algebra of vector fields with 
different boundary behavior; these then lead to distinct bundles of covectors, 
with the corresponding descriptors used as section headings here. The first, 
the "b"-bundle, can be considered either on Mq or M. Indeed, the bundle 
of b-covectors on Mq is the setting for the propagation results of [34] : these 
results arc, as will be seen below, necessarily global in the corner, and do not 
distinguish between general diffractive rays and the subset of geometric rays 
(defined below). In order to discuss the improvement in regularity which 
can occur for propagation along the geometric rays, two more bundles of 
covectors, lying over the blown-up space M, are introduced. These, the 
"edge-b" and "edge-smooth'" bundles, keep track of local information in the 
fibers of the blowup of W in Mq, and allow us to distinguish the diffractive 
rays from geometric ones. The distinction between the edge-b and edge- 
smooth bundles comes only at the boundary of W, and the tension between 
the two presentations of the problem gives rise to reflection of singularities 
off boundary faces, uniformly up to the edge W. 

In order to alleviate some of the notational burden on the reader, a table 
is included in §3.5 in which the various bundles, their coordinates, their 
sections, and some of the maps among them are reviewed. The standard 
objects for a manifold with corners, Q, correspond to uniform smoothness 
up to all boundary faces, so V{Q) denotes the Lie algebra of smooth vector 
fields, TQ, the tangent bundle, of which V{Q) forms all the smooth sections, 
T*Q is its dual, etc. 

3.1. b-Cotangent bundle. Let Vb((3) C V{Q) denote the Lie subalgebra 
of those smooth vector fields on the general manifold with corners Q, which 
are tangent to each boundary face. The local vector fields 



xidxi , ■ ■ ■ , Xf^idxf_^^, dy^ 1 ■ ■ ■ 1 dyn-f-\ ; 
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form a basis over smooth functions, so Vb(Q) is the space of C°°-sections of 
a vector bundle, denoted 

The dual bundle ^T*Q therefore has sections spanned by 

dxi dxf+i 

, . . . , — - — , dyi, dyn-f-i- 

Xl Xf+l 

The natural map 

(3.1) TTs^b : T*Q ^T*Q 

is the adjoint of the bundle map l : ^TQ TQ corresponding to the 
inclusion of Vb(Q) mV{Q). 

Canonical local coordinates on T*Mq correspond to decomposing a cov- 
ector in terms of the basis as 

T'dt + Y^ ri] dyj + ^ dxj , 
j j 
and elements of ^T*Mo may be written 

j j ■' 

so defining canonical coordinates. The map (3.1) then takes the form 

TTs^bix, y, t, f , ri', t') = (x, y, t, x^^, r]° , t") = (x, y, t, , rf, r^), 

with xC = {xii\,...,Xf+ii'-j^^). 

The setting for the basic theorem on the propagation of singularities in 
[34] is ^^T*Mq. In particular, generalized broken bicharacteristics, or GBB 's, 
are curves in ^T*Mq. In order to analyze the geometric improvement, spaces 
that will keep track of finer singularities are needed. Before introducing 
these, we first recall the setup for GBB's . Note that at W, TTg^bly maps 
N*W onto the zero section over W, and is injective on complement, so we 
may make the identification 

TTs-.h\Y{N*W)^T*W. 

We also recall that it is convenient to work on cosphere bundles. Since it 
is linear, Ti^^h intertwines the R+-actions, but it does not induce a map on 
the corresponding cosphere bundles since it maps part of T*Mq \ o into the 
zero section of ^T*Mq. However, on the characteristic set of □ this map is 
better behaved. Let 

Po = <T2(n)GC~(T*Mo\o) 
be the standard principal symbol of □ G Diff^(Mo); it is of the form 

po = {r'f - (E ^3km + E ^i^^i^^ + 2 E ^^-^^1^^) 

with Ajk,Bjk,Cjk G C°°{Mo), Ajk = A^j and Bj^ = B^j, Cjk\x=o = 0. Let 

(3.2) ^So = Po\{0})/R+ C S*Mo 
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be the spherical image of the characteristic set of □. This has two connected 
components, ®So,±, corresponding to ^ since {r® = 0} fl ^Sq = 0. Now, 
N*W C {t^ = 0}, so W np~^{0) = 0, meaning W is non-characteristic for 
□. Since N*W is the null space of VTs^b) there is an induced map on the 
sphere bundles tt^Z^ : ^Sq — > ^S*Mo; the range is denoted 

(3.3) ^So = ^k{p-\0))/R+ C ''S*Mo. 

Again, ^Sq has two connected components corresponding to the sign of 
in ^Sq and hence the sign of t^. These will be denoted ^So,±- 
We use T^, resp. r^, to obtain functions homogeneous of degree zero on 
T*Mq \ o inducing coordinates on S*Mq near ^Sq : 

x,y,t, e = e/\r\ f = vy\n 

Note also that these coordinates are global in the fibers of S* Mor\^T,o^± — > Mq 
for each choice of sign ±. 

= sgnr^ 

lifts to a constant function ±1 on ^So,±. There are similar coordinates on 
^S*Mo near ^^o- 

In these coordinates, 
(3.4) 

'^Eon'^SJVMo = {(x,2/,t,f ,77b) : X = 0, f = 0, J] S.-fe^X ^ !> ^ S*^- 
We also remark that with Hp^ denoting the Hamilton vector field of po, 

is a homogeneous degree zero vector field near Pq^{{0}), thus can be regarded 
as a vector field on S*Mo. 

Now we define the b-hypcrboUc and b-glancing sets by 

(3.5) gw,b = {q& ""S^Mo : \{7r,^^)-\q) n ^Eo| = 1} 
and 

(3.6) Hw,h = {qe ''S*wMo : \{Tr,^^)-\q) n ^Eo| > 2}, 

These are thus also subsets of S*W. In local coordinates^ they are given by 
(3.7) 

gw,b = {{x,y,t,f\i\rt) : x = 0,f'>e {±1}, f = 0, Y.^^'^^'j^k = 1} 
nw,h = {{x,y,t,f''A''.'n°) ■■ X = 0, e {±1}, = 0, ^BjkV^fjt < 1}- 

Note that for q G ^S^Mq, at the unique point qo in (7rs->b)'~'^(9) H ^Sq, we 
have ^® = 0, and correspondingly Hs(q'o) is tangent to W, explaining the 
"glancing" terminology. 

Now we discuss bicharacteristics. 

^The discrete variable f is not, of course, part of the coordinate system, but serves to 
identify which of two components of the characteristic set we are in. 
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Definition 3.1. A generalized broken bicharacteristic, or GBB , is a continu- 
ous map 7 : / ^ ''So such that for ah / e C°°{^S*Mo), real- valued, 

(3.8) H^i,f (/°7)(^)-(/o7)(^o) 

s— >so S — So 

(3.9) > inf{H,(7r,U/)(9) ■■ Q e K-^M^o)) n ^Eq}. 
Remark 3.2. Replacing / by — /, we deduce that the inequality 

(3.1Uj nmsup 

(3.11) < sup{H,«_^b/)(«) ■■ Q e 7r;\{j{so)) n «So}. 

also holds. 

We recall an alternative description of GBB's , which was in fact Lebeau's 
definition [14]. (One could use this lemma as the defining property of GBB ; 
the equivalence of these two possible definitions is proved in [32, Lemma 7].) 

Lemma 3.3. (See [32, Lemma 7].) Suppose j is a GBB . Then 

(1) If ^(sq) £ Gw,h, l^t qo be the unique point in the preimage 0/7(59) 
under tiv^ = vrs->b|sSo- Then for all f G C'^(}'S*Mo) real valued, 
f o 7 is difjerentiable at so, and 

d(/o7), 



ds 



\S=So 



Hs7r*^b/(9o)- 



(2) // 7(so) G T^w,hj lying over a corner given in local coordinates by 
= 0, J = 1, ...,/ + 1; there exists e > such that Xj{^{s)) = 
for s G (so — e, sq + e) if and only if s = sq. That is, 7 does not meet 
the comer {xi = . . . = = 0} in a punctured neighborhood of sq. 

Remark 3.4. It also follows directly from the definition of GBB (by combin- 
ing (3.8) and (3.10)) that, more generally, if the set 

(3.12) {Hs(7r,U/)(9) ■■ 1 e ^s"ib(7(^o)) n ^Sq} 

consists of a single value (for instance, if vr^j^(7(so)) H'^Sq is a single point), 
then / o 7 must be differentiable at sq, with derivative given by this value. 
This is indeed how Lemma 3.3 is proved. The first part of the lemma 
follows because vr^j^(7(so)) H '^Sq is a single point, giving differentiability. 
On the other hand, the second half follows using / = '^^i for which the 
single value in (3.12) is —(1 — J2 ^ij^HiVj) < 0; l{so) G 'Hw,h- Thus, 
/ is locally strictly decreasing. Since f{q') = if g' G ^S^Mo D ''So, in 
particular at 7(^0), it is non-zero at 7(5) for nearby but distinct values of 
s — so in particular for such s, 7(5) ^ ^S^yMo H ''Sq, showing that 7 leaves 
W instantaneously. In fact, this argument also demonstrates the following 
useful lemma. 
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Lemma 3.5. Let U be a coordinate neighborhood around some p G W , 
K a compact subset of U. Let eo > 0. Then there exists an S > with 
the following property. Suppose that j is a GBB and 7(so) G ^^^Mq. // 
Ejii Ij (7('5o)) > ond 1 - h{y{-i{sQ),fi°{-i{sQ)) > eo then -i\^s^^so+&] n 
I'^Mo = 0, tvhile ifTfjtU){l{so)) <Oandl- h{y{jiso),t{l{so)) > eo 
then 7|[s„-d>-o] H ^'S^Mq = 0. 

Proof. Let Ui C U he open such that K C Ui, Ui C C/. GBB's are uniformly 
Lipschitz, i.e. with Lipschitz constant independent of the GBB , in compact 
sets (thus are equicontinuous in compact sets), so it fohows that there is 
an 5i > such that 7(so) G ^S^^Mq imphes that 7(5) G ^S^^Mq for s G 
[sq — 5i,sq + 61]. Now the uniform Lipschitz nature of the function 1 — 
h{y{'yis)),if'{'y{s))) shows that there exists S2 G (0, di] such that for |s— so| < 
(52, 1 - h{y{jis)),th{s))) > eo/2. Now let / = E§- Then 

Hs(vrU/)l=s„ = -Y,A^M^ + J2'^jF,, = -(l-Y^B,,CHj) + Y.'^jF2„ 

with Fij,F2j G C^(5*Mo), so there exist ^3 > and c> such that if xj < 
(53 for j = 1, ...,/ + 1, then Hs(<_^b/)|BSo < -c. Now if Xj{jiso)) > 63/2 
for some j, the uniform Lipschitz character of Xj o 7 shows the existence 
of (5' > (independent of 7) such that Xj{'y{so)) 7^ for \s — so\ < 5'. 
On the other hand, if Xj(7(so) < <53/2 for all j, then the uniform Lipschitz 
character of XjO^ shows the existence of 6" G (0, 62] such that Xj{'y{so)) < 83 
for \s — Sol < ^" 1 so /(7(s)) is strictly decreasing on [sq — 5",sq + 5"]. 
In particular, if /(7(so)) > 0, then /(7(s)) > for s G [sq — 6",so], so 
7(so) ^ ""S^Mo, and if /(7(so)) < 0, then 7(7(5)) < for s G [so,so + 5"], 
so 7(so) ^ ^/S^Mo again. This completes the proof of the lemma. □ 

We now recall the following statement, due to Lebeau. 

Lemma 3.6. (Lebeau, [14, Proposition 1]) Lf j is a generalized broken 

bicharacteristic, sq £ I, qq = 7(^0); then there exist unique q-\-,q^ G 
satisfying 7rs^b(^±) = Qo CLf^d having the property that if f £ C°°{}'S*Mq) 
then f o J is differentiable both from the left and from the right at sq and 



{i) (/°^)l^o± = Hs<-.b/fe)- 



Definition 3.7. A generalized broken bicharacteristic segment 7, defined on 
[0, So) or (—So, 0], 7(0) = q E H.Y.b is said to approach W normally as s — 
if for all J, 

hm ^iMfll ^ 0; 

s^0± S 

this limit always exists by [14, Proposition 1]. 

Remark 3.8. If 7 approaches W normally then there is si > such that 
7(s) G S*Mq for s G (0, si) or s G (-si,0) since Xj(7(0)) = 0, and the 
one-sided derivative of Xj o 7 is non-zero. 
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While the actual derivatives depend on the choice of the defining functions 
Xj for the boundary hypersurfaces, the condition of normal incidence is 
independent of these choices. 

3.2. Edge-smooth cotangent bundle. We now discuss another bundle, 
ultimately in order to discuss the refinement of GBB's that allows us to 
obtain a diffractive improvement. Let /3 : M ^ Mq be the blow-down map. 

Let Ves (M) denote the set of vector fields that are tangent to the fibers 
oi /3\^ : W ^ W (hence to W). This is a C°°(M)-module, with sections 
locally spanned by 

xdy , d^r, d^». 

■'3 3 

(In fact, one can always use local coordinate charts without the z" variables 
in this setting.) Under the blow-down map /3 : M — > Mq, elements of V{Mq) 
lift to vector fields of the form x'^V, V G Ves(M), where x is a defining 
function of the front face, W . Conversely, x~^Ves{M) is spanned by the lift 
of elements of V{Mq) over C°°(M), i.e. 

(3.13) x-iVes(M) = C°°(M) 0c-(Mo) rV(M). 

Let ^^TM denote the "edge-smooth" tangent bundle of M, defined as the 
bundle whose smooth sections are elements of Ves (-^) ; such a bundle exists 
by the above description of a local spanning set of sections. Let ^T*M 
denote the dual bundle. Thus in the coordinates of §2, sections of ^T*M 
are spanned by 

(3.14) r-+^— + r^-^ + C'-dz' + C,"- dz" . 

x - X — x — — 

By (3.13), taking into account that dt^ — qq'is a. Lorentz metric on Mq, we 
deduce that its pull-back 3 to M is a Lorentzian metric on x~^^T*M, i.e. 
that x~'^g is a symmetric non-degenerate bilinear form on ^^TM with sig- 
nature (+,—,...,—). Correspondingly, the dual metric G has the property 
that x'^G is a Lorentzian metric on ^^T*M. Note that G is the pull-back of 
Go = (72(0) G C°°(T*Mo \o). We thus conclude that (72(0) G C~(T*Mo \ o) 
lifts to an element of x-'^C°°{^^T*M \ o); let 

p = (7es,2(x'n)ec°°(^^r*M\o) 

be such that x~'^p is this lift, so 

pU=o = - + h{y,ri) + k{y,z,C)). 
Let '^^T, C ^^S*M denote the characteristic set of x^D, i.e., the set 

=p-i({0})/M+ = {aes,2(x2n) = 0}/M+. 
Thus, using the coordinates 

(3.15) x,y,t,z,l = ^/\T\, fi = ri/\T\, C = C/|z|, £=111"', 
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on '^^T*M, valid where r / 0, hence (outside the zero section) near where 
p = 0, and dropping a to obtain coordinates on ^^S*M, 

(3.16) '''i:n''S*^M = {{x = 0,t,y,z,l,fi,C) : f + %,^) + fc(y, C) = !}• 
The rescaled Hamilton vector field 

Hes = |r| 

is homogeneous of degree 0, and thus can be regarded as a vector field on 
'^^S*M which is tangent to ^®E. (Note that while Hes depends on the choice 
of X, and the particular homogeneous degree —1 function, |r|~^, used to 
re-homogenize Hp, these choices only change Hes by a positive factor, so its 
direction is independent of the choices — though our choices are in any case 
canonical.) 

With the notation of [25, Section 7] (where it is explained slightly dif- 
ferently, as the underlying manifold is not a blow-up of another space), 
corresponding to the edge fibration 

P :W = Y xRt, 

there is a natural map 

roes : ^T^M T*W. 

In fact, in view of (3.13), the bundle x~^'^^TM (whose sections are 
times smooth sections of ^TM) can be identified with /3*TMo, so one has 
a natural map x'^'^TM TMq. Dually, x'^T*!^ can be identified with 
(3*T*Mo, so one has a natural map x'^T*M T*Mq. Multiplication by 
X maps <^^r*M to x^T*M, and TTs^b : T*Mq ^ ^T*Mq restricts to the 
quotient map T^Mq T*W = T*Mq/N*W over W, so w^s is given by the 
composite map 

"^T^M 3a^xae x'^T^M ^ f3^{xa) G T^Mq 

^ [xa] G T*W C ^r*Mo, 

which in local coordinates (3.14) is given by 

roes (a: = 0,y,t,z,^,7y,r,C) = {y,t,ri,z)- 

The fibers can be identified with x T*Z. In view of the M+-action on 
this gives rise to a map -ujes '■ — S*W, which is a fibration over Hw,h 
(where 1 — h{y, f]°) > 0) with fiber 

ro~\y, t, if") = {(x = 0, y, t, z, i,fi,C):fi = fj^, 

|||2 + %,z,c) = i-My,'?^)}; 

the fibers degenerate at Gw,h- Then Hes is tangent to the fibers of Wes- In 
fact, as computed in [25, Proof of Lemma 2.3] (which is directly valid in our 
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setting), using coordinates (3.15) on ^^T*M, 
(3.17) 
— —Hps = — ttCtHb 

2 es 2- P 

.... 1 BK^j . . 

with H' tangent to the boundary, hence as a vector field on ^^S*M, restricted 
to ^S*^M, Hes is given by 

1 ... .... 1 . . 

(3.18) --He. = -cc^e + + - 2 t ■ 

It is thus tangent to the fibers given by the constancy of y, t, fj. Notice also 
that Hes is indeed tangent to the characteristic set, given by (3.16), and in 
^S*^M, it vanishes exactly at ^ = 0. We let 

7^es = {g e "^S n ^^5;^M : Hes(g) = O} = {(t,y,^,|,0,C)G''S: C = 0} 
be the es-radial set. 

3.3. Edge-b cotangent bundle. Finally, we construct a bundle '^^T*M 
over M that behaves like ^T*M away from W, and behaves like ^T*M near 
the interior of W. Before doing so, we remark that the pullback of ^T*Mq 
to M is ^T*M, so P : M ^ Mo induces a map 

such that 

/5t)|bT*M^%V)Mo, W€M, 

is an isomorphism. It commutes with the R+-action, hence induces a map 

Pi : ^S*M ^S*Mo, 

such that 

is an isomorphism. 

More precisely, ''^T*M arises from the lift of vector fields on Mq which are 
tangent to all faces of Mq and vanish at W. (The set V of such vector fields 
is a C°°(Mo)-module, but is not all sections of a vector bundle over Mq — 
unlike its analogue, V(Mo), in the construction of Ves{M); locally Xjdxj, 
j = 1, ■■■,/ + 1, and Xidy. , i = 1,...,/ + 1, j = l,...,n-/-l, give a 
spanning list.) 

Definition 3.9. Let Veh{M) consist of vector fields whose sections are tangent 
to all of dM and to the fibers of W. 
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This is again a C°°(M)-module, and locally xdx, xdy^, ■^j^z'- give 
a spanning set; in fact 

Veb(M) =C°°(M) ®c-(Mo)rV. 

Thus, there is a vector bundle, called the "edge-b" tangent bundle of M, 

denoted '^^TAI, whose sections are exactly elements of Vcb(M). Let *r*M 
denote the dual bundle. Thus in the coordinates of §2, sections of ^^r*M 
are spanned by 

dt .dx dy sr-^ ^.dz', , 
XX X ^-^ z\ 

In particular, we point out that the lift of ^ XjD^. from Mq to M by /3 
is xD^^ up to xVeb(-^), hence considering their principal symbols gives 

^/3*e]' = eatx = 0. 
Dividing by /3*|t'^| = a;~^|T| yields 

(3.19) 5;^r§ = ^^>o(^2)^ i = ^i\T\. 

There exists a natural bundle map 

analogous to the bundle map TTg-^b • T*Mq — ^ ^T*Mq of (3.1). In canonical 

coordinates, this maps 

fci'!Z'C',C") ^ (r = r, e = i, = r?, C; = C^^-, C" = C")- 

This map commutes with the M^-action of dilations in the fibers, and maps 
p^^{{0}) C ^^T*M \ o into the complement of the zero section of °^r*M, so 
it gives rise to a map 

Let 

*s = 7c:::rb(''s) c *5*m. 

In coordinates 

x,y,t,z,i = ^/\t\, r} = r?/|r|, ( = (/|t|, 

on *S'*M, and analogously defined coordinates on '^^S*M, 

T^'^^hix, y,t,z, I, fiX X') = {x,y,t,z,i = I, fi = fi, ('■=^.zl, (" = ("), 

so for w eW, z[{w) = ... = Zp{w) = 0, Zp_^.^{w) 7^ 0, ... , z'f^{w) 7^ 0, with 
P > 1, 

^^s n ^'^5;m = {{ifj, G '"'S^M :([ = ... = c'^ = o, 

1 > f + Ky, fj) + kiy, z, (0, . . . , 0, C;+i, . . . , Ck),C")}- 
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We again also obtain a map tUeb : n '^^^S'^Af S*W analogously to 
Wes which is a fibration over Hw,h'i in local coordinates (on S*W near the 
projection of ^^S, {y,t,fj) are local coordinates, rj = ?7/|t|) 

(3.20) lUeb {0,y,t,z,i,7],0 = {y,t,fj = fi). 

More invariantly we can see this as follows. As discussed in [25, Section 7] 
in the setting where the fibers on W have no boundaries, one considers the 
map 

given by multiplication of the covectors by x away from W , which extends 
to a C°° map as indicated, namely 

dt ^dx dy v-^ ^.dz', , ,, 

XX X ^-^ z,- 

r + xi— + ridy + y^ a;cA + xC" ■ dz". 
X ^-^ z\ 

Note that at x = 0, this gives 

X ■ (a) = T dt + rj dy, 

(3.21) dt ^dx dy v-^ -idz': ^„ , „ , , ~, 
a = r-+(— + V — + y2C^+C-dz"e^''T*M,weW. 

XX X ^-^ z\ 

In particular, as the image under (a;-) o TTes^cb of p~^({0}) C ^^T*M \ o is 
disjoint from the zero section, and since multiplication by x commutes with 
the M+-action in the fibers, o {x-) descends to a map 

and away from W it is given by the restriction of the natural identificantion 
of ^^S^j^^M with b^^^^^Mo, while at W, as (3.21) shows, is given by 

(3.20), where we consider S*W C ^S*Mq, cf. (3.4). 

We now introduce sets of covectors that are respectively elliptic, glancing, 
and hyperbolic with respect to the boundary faces of Mq meeting at the 
corner W; these sets are thus of covectors over the boundary of W : 

£ = ^^S;^M \ ^'^S = {qe '^S;^M\o : {7C:::;^)-\q) = 0}, 

g = {qe '''s;^M\o : |7f;nrb"'(g)| = i}, 

n = {qe """"Sl^MXa : \TC^k~\q)\ > 2}, 

so ^'^s n ""^si-M = gun. 

aW 

In coordinates, note that, for instance, for 

weW, z[iw) = ... = z'piw) = 0, z'p^^iw) 7^ 0, ... , z'kiw) ^ 0, 
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with p > 1, 
(3.22) 

f n^^s:M = {3i, l<j<p, CjT^O} 

U {1< f + h{y, fj) + k{y, z,{0,..., 0, C^+i, ■ ■ ■ , Cfe), C")}, 

gn'^s*„M = {c[ = ... = C'p = o, 

1 = f + Ky, fj) + k{y, (0, . . . , 0, C;+i, . . . , CD, C")}, 

7^n^bs:M = {ci = ... = c; = o, 

1 > f + 77) + k{y, 2, (0, ... , 0, C^+i, • ■ ■ , Ck),C")}- 

Remark 3.10. The set Gw,h defined in (3.5) represents rays that are glancing 
with respect to the corner W , i.e., are tangent to all boundary faces meeting 
at while Q defined above describes the rays that are glancing with respect 
to one or more of the boundary faces meeting at W (see Figure 4). The 
sets gw,h and nw,h live in S*W C "^S^Mq. This can be lifted to ^S*M by 
P (since ^r*M = I3*^T*Mq), but in this picture gw,h and nw,h are global 
in the fibers of i.e., live over all of not merely over its boundary. 



3.4. Bicharacteristics. We now turn to bicharacteristics in Tj, which will 
be the dynamical locus of the geometric improvement for the propagation 
result. Taking into account that Hes is tangent to the fibers of Wes, one 
expects that over W , these bicharacteristics will lie in a single fiber of the 
related map Weh, i-e. y-,t,r] will be constant along these. The fibers of w^s 
and TOeb have a rather different character depending on whether they are 
over a point in Qw,h or in H^,b- Namely, over Qw,h the fibers of vj^s resp. 
tUeb are = 0, = rcsp. ^ = 0, C = i.e. they are the zero section. By 
contrast over a = (t, y, i)) G 'Hw,h, the fiber of tUes is 

Wes^„,b = {{t,y,z,lfi = 77,0 e ''S*M : f + kiy,z,C) = 1 - h{y,fi)} 
while that of Weh is 

Web-^a,b = {{t, y, z, i,fi, c) G *5*M : = . . . = c; = 0, 

f + k{y, z,{0,..., 0, C;+i, . . . , Cfe), C") < 1 - h{y, fj)}- 

The geometric improvement will take place over 'Hw,h-, so from now on 
we concentrate on this set. Now, for a = (i, y, 77) G 'Hw,h 

7^es n 7^es-„,b = {(i, y, ^, |, ^ = C = 0) G ^^s*m : f = i - /i(y, ^)}, 

hence has two connected components which we denote by 

Ks,a,//o = {{t,y, z,lfj = fj,l = 0)e ^S*M : I = ±sgn{T)^l-h{y,fi)}, 

with sgn(T) being the constant function ±1 on the two connected compo- 
nents of ^^S. 
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Figure 4. Glancing rays. The ray depicted at top, in M 
(projected down to X), terminates at a point in Q. The ray 
depicted at bottom, in Mq (projected down to Xq), termi- 
nates at a point in Qw,h- 



Here the labels "I/O", stand for "incoming/outgoing." This is explained 

by 

so in a neighborhood of TZes,a,i, ^est and Hcsa: have the opposite signs, i.e. 
if t is increasing, x is decreasing along Hcs, just as one would expect an 
'incoming ray' to do; at outgoing points the reverse is the case. 
We also let 

'^eh,a,I/0 = ■^es^eb(^cs,a,//o) 

= {{t, y, z, i, ry, C = 0) G ^^5*M : i = ± sgnirW 1 ~ h{y , fi)} , 

and 

T^eh,S,I/0 = ^aesT^eh,a,I/0 

for S C Hw,})- 
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Definition 3.11. An edge generalized broken bicharacteristic, or EGBB , is a 
continuous map 7 : / ^ ^^T, such that for all / e C°°{^^S*M), real-valued, 

lini inf (■^°^)(^)~(/°^)(^o) 
(3.23) «^«o s - So 

> M{H^{Tf^i,* f){q) : q G 7C^h~\l{so)) n '''S}. 

Lemma 3.12. (1) An EGBB outside ''^S*^M is a reparameterized GBB 
(under the natural identification of^S*j^^\^y^MQ with ^^S*j^^^M), and 
conversely. 

(2) // a point q on an EGBB lies in ''^S^M, then the whole EGBB lies 
in ^^S^M, in ro^^(tz7cb (<?)); i-^- in the fiber of vo^h through q. 

(3) The only EGBB through a point in 'R-eh,a,i/o i^ constant curve. 

(4) For a € 'Hw,h, o-'n EGBB in 7ich^a,h \ ^cb,a,//o projects to a repa- 
rameterized GBB in ^T*Z, hence to geodesic of length tt in W. 

Proof. 

(1) As Hg and Hes differ by an overall factor under the natural identifi- 
cation L : Sl^^^^Mo ^Sl^^^M, namely 

i*Hs = |r'|~^ 111 x-^Hes = X^^Hes, 

we obtain this immediately. 

(2) The tangency of Hes to the fibers of lUes means that if we set / equal 
to any of zby^, ±t, ±f}), Hes/ = 0. By (3.23), then (/o7)'(so) = for 
all and for each of these choices. This ensures that 7 remains in 
the fiber. 

(3) Hes vanishes at the unique q G Tfes^I^ (7(^0)) H if 7(^0) € 
Tleh,a,i/0- Moreover the function ^ o 7 is in C^, as 

Hes^ = 2K{y, t, z, = 2(1 - h{y, v) - f ) 



on ^^S. Thus, (3.23) entails that if ^ = 1 — h{y, ff) at some point 

on an EGBB , then it is constant. 
(4) This follows from a reparameterization argument, as in [25], taking 
into account that Hes is tangent to the fibers of *^^T^M, hence can 
be considered as a vector field on x T*Z. (In fact, a completely 

analogous argument takes place in [33, Section 6] in the setting of 
A?^-body scattering.) □ 

Suppose now that 7 : [0, 5q\ — ^Sq is a GBB with 7(0) = a G Hw,h- Thus, 

assuming (5o > is sufficiently small, by Lemma 3.5, 7|(o,5()] ^ ^^^Mq = 0. 
Since '^S'^^^^Mq is naturally diffeomorphic to S^^^M , we can lift 7|(o,<5o] 

to a curve 7 : {0,6o] ^^5*M in a unique fashion. It is natural to ask 
whether this lifted curve extends continuously to 0, which is a question we 
now address. 
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The following is easily deduced from Lebeau, [14, Proposition 1] (stated 
here in Lemma 3.6) and its proof: 

Lemma 3.13. Suppose that a G 'Hw,h- There exists Sq > with the follow- 
ing property. 

Suppose 7 : [0,6o] ^S*Mo is a GBB with 7(0) = a. Let 7 : {0,6o] 
^^S*M be the unique lift o/7|(o,5o] °^5'*M. Then 7 (uniquely) extends to 
a continuous map 7 : [0, Sq] ^ ^^S'*M, with 7(0) G T^eh,a,0- 

In addition, 7 approaches W normally if and only if 

7(0) ^ ^""Sl^M n 7^eb,a,0 = a n 7^eb,a,0■ 

The analogous results hold if [0,6o] is replaced by [—So,0] and TZeh,a,0 is 
replaced by 7^eb,a,7- 

Remark 3.14. The proof in fact shows that (5o can be chosen independent of 
a as long as we fix some K C 7^w,b C ^S^Mq compact and require a ^ K. 

Remark 3.15. The special case of a normal GBB segment 7, which lifts 
to a curve 7 : [0, ^o] ^^S*M starting at W°, follows directly by the 
description of geodesic in edge metrics from [25], since normality implies 
that for sufficiently small Sq > 0, 7|(o,5o] image disjoint from Xj = for 
all j, i.e. the boundaries can be ignored, and one is simply in the setting of 
[25]. This argument also shows that given a £ Ti-w^h and p G 1Zch,a,o \ G, 
for sufficiently small 60 > 0, there is a unique GBB 7 : [0,5o] ^ ^S*Mo with 
7(0) = a such that the lift 7 of 7 satisfies 7(0) = p. 

Proof. Let a = {yo,to,fiQ). First, by Lemma 3.5, 7|(o,<5o] ^ ^S^Mq = for 
(5o > sufficiently small, hence the lift 7|(o,5(,] exists and is unique. Lebeau 
proves in [14, Proof of Proposition 1] (with our notation) that 

lim|(7(s)) = ^l-Myo,^^) and ^^^|.=o = 2^^! - %o,^o') > 0- 
This implies that 

sup{|C(g)| : q € {^b)~\l{s))} ^ as s ^ 0+, 

since 

J2 Kij (y, z)ll. = 1 - h{y, ^) - f + xG < 1 - h{y, ^) - f + Cx 

on ^^S, and 1 — h{y{'y{s)),fj{j{s))) - ^(7(5))^ + Cx{^{s)) 0. It remains 
to show that the coordinates zj have a limit as s — >^ 0. But by Lemma 3.6, 

{dxj o -f/ds)\s=o = 2^(0) exists, and ^ ^^iC- (0)4'(0) = 1 - h{yo,v^) > 0. 
Thus, considering Zj{^{s)) = Xj{^{s))/x{^{s)), L'Hospital's rule shows that 

lim.s-^o+ Zj{^{s)) = ij{0)/\J 1 — h{yo,fjQ) exists, finishing the proof of the 
first claim. The second claim follows at once from the last observation 
regarding lims_>o+ Zj{^{s)). □ 



24 



RICHARD MELROSE, ANDRAS VASY, AND JARED WUNSCH 



We also need the following result, which is a refinement of Lemma 3.13, 
insofar as Lebeau's result only deals with a single GBB emanating from the 
corner W of Mq : the following lemma extends Lemma 3.13 uniformly to 
GBB's starting close to but not at the corner. For simplicity of notation, we 
only state the results for the outgoing direction. 

Lemma 3.16. Suppose that a G 'Hw,h, P G T^ch,o,a, Pn £ ''^'^m\w^ ' 
and Pn p in '^^S*M. Suppose 6o > is sufficiently small (see following 
remark). Let 7„ : [0,So] ^S*Mo be GBB such that 7n(0) = Pn- For n 
sufficiently large, let 7„ : [0, (5o] '^^S*M be the unique lift of 'jn to a map 
[0, 5o] —>■ ^^S*M . Then for N sufficiently large, {f)n}n>N is equicontinuous. 

Remark 3.17. As Pn — p, C(Pn) ^{p) > 0, so there exists N > such that 

/+i 

= <Pn)i{Pn) + 0{xipn)^) > 

i=i 

for n > N; cf. (3.19). Thus, by Lemma 3.5, there exists 6o > such that 
7n|[o,5o] ^ ^i^w-^o = for n > N — this is the Sq in the statement of the 
lemma. Hence, for n sufficiently large, 7„ has a unique lift 7„ to '^^S*M, 
since '^^S*M and ^S*Mq are naturally diffeomorphic away from W, resp. W 
as previously noted. 

Proof. Note first that {7n}neN is equicontinuous by Lebeau's result [14, 
Corollaire 2] (see also the proof of [14, Proposition 6]) — indeed, this fol- 
lows directly from our definition of GBB . This implies that {7n}neN is 
equicontinuous at all sq G (0,5o]) for given such a sq, there exists Kq C Mq 
compact disjoint from W such that 7n|[so,5o] image in ^5^^Mo, which 
is canonically diffeomorphic to S^.^ ^j^^^M . Thus, it remains to consider 
equicontinuity at 0. 

For sufficiently large n, all 7„ have image in ^S'^Mq where K is compact 
and i^T C O for a coordinate chart O on Mq. Thus, by the equicontinuity of 
7n, the coordinate functions 

Xj o 7„, tj o 7„, yj o 7„, Ij* o 7„, rfj o 7„ 

are equicontinuous. We need to show that for the lifted curves, 7^, the 
coordinate functions 

xo%, tjO%, yjO%, ZjO%, |o7„, fjo%, Cj°% 

are equicontinuous at 0. By the above description, and yj 07^ = yj o 7^, 
tj 07^ = tj o 7jj and rjj ojn = Vj°ln are equicontinuous, as is x o 7^ in view 
of X = {^aijXiXjY/'^ . Thus, it remains to consider ^07^, ZjO^^ and Cj°7n- 
Let p = (0, 2/0, -20, Co, 'Oo, 0), and write fi = > 0. Thus, 

= v^l - h{yo,fio). 
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Let ei > 0. One can show easily, as in the proof of Lebeau's [14, Proposi- 
tion 1] , that for all n sufficiently large (so that pn sufficiently close to p) and 
So > sufficiently small, 

(3.24) se [0,so] ^^'o7„(s) G [/x - ei, /x + ei]. 

Indeed, Hs| = 2x-^ Yl KijtC- + P with F smooth, so Hg^ > -Co over the 
compact set K, hence 

(3.25) io%{s)>i{pn)-Cos. 
On the other hand, on ^T,, 

f = 1 - h{y, v)-Yl ^ij(y^ + < 1 - h{y, fi) + Cix, 

hence on ^^S, 

f <l-%,r?) + Cix. 

Let 



this is thus a Lipschitz function on a neighborhood of a in ^S*Mq, hence 
there is Sg > such that $ o 7^ | [g^s^j is uniformly Lipschitz for n sufficiently 
large. Thus, 

\i{ln{s))\ < ^{ln{s)) < f (a) + MPn) " $(«)| + Mlnis)) " $(p„)| 



< Vl-/i(2/o,r}o) + Mpn) - ^(a)| + C's. 

Thus, for sufficiently large n (so that p„ is close to p), 

(3.26) |e(7™(s))| < Vl-%o,r?o) + ei/2 + C"s. 

Combining (3.25) and (3.26) gives (3.24). 
Now consider the function 

e = i-%,r?)-f , 

so 7r*_^b0|=Son5*Mo = This satisfies 

H,G = -2iH,i + Fi = -4x-i|^ iCi,C4. + = -^x-^Q + F3 
with smooth. Now, 

x{Pn) + ei)s <xo 7„(s) < x(p„) + (/X + ei)s, 

so 

^eo7„ + 4x-i|e<c 

as 

implies that 

x{pn) + (a* + ei)s 
where we write G„ = G o 7^. Multiplying through by 

(x(p„) + (/x + ei)s)<'^-^i)/('^+^i) 
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gives 

Integration gives 
(3.28) 

{x{pn) + (/X + ei)s)4('^-^i)/(''+^i)G„(s) - x(p„)4('^-«)/(''+^i)e„(0) 

< C"((x(p„) + (/x + ei)s)^+^(''-^i)/('^+^i) - a;(p„)^+^('^-^i)/('^+^i)). 

Thus, 

(3.29) e„(5) < (1 + (/i + 6i).s/,x(p„))"'^''~''^^^''^''^e„(o) 

+ C'{{x{pn) + (m + ei)^) - ^(Pn)(l + + ei)s/x{pn)y'^^~''^'^^"'''^). 

Since 

(l + (/. + 6l)./x(p„))'^(''-^^)/('^+^^)<l, 

this yields 

(3.30) Gn(s) < G„(0) + C'{x{pn) + (^ + ei)s) 

On the other hand, as on **So, G = X^-^ijC C- + ^-^i with F smooth, so 
G > — Cx, we deduce that 

Qn{s) > -C{x{pn) + + ei)s). 

Thus, 

-C{x{pn) + (M + €i)s) < Qnis) < G„(0) + C"(x(p„) + (/X + ei)s). 

Suppose now that e > is given. As pn p, there is an N such that 
for n > N, Cx(pn) + 0^(0), C"a;(pn) < e/2. Moreover, let sq > such 
that C(|Lt + ei)so,C"(|Lt + ei)so < e/2. Then for n > A/", s G [0,so], -e < 
G„(s) — Gn(0) < e, giving the equicontinuity of G„ at for n> N . In view 
of the definition of G^ and the already known equicontinuity of y o 7^ and 
7707^, it follows that (^ o 7n)^) hence ^07^ are equicontinuous. As on ^^S, 
ICP < C\Q\ + C'x, we also have |Cp < C|G| + Cx there, so 

|C0 7n(5)-C(Pn)l < \aVn)\+\Coin{s)\ < | C(p„) | + C|G„(s) | + C"x(7n(s)) • 

Given e > 0, by the equicontinuity of G^ and xo7„, there is sq such that for 
s e [0,so], C\@n{s)\ + C"x(7„(s)) < e/2. As C(Pn) ^ due to p„ ^ p, for 
n sufficiently large, |C(Pn)| < e/2, so for n sufficiently large and s G [0, sq], 

|(^ o 7n(.s) — C{Pii,)\ < e, giving the equicontinuity of o 7^ at 0. 
It remains to check the equicontinuity of Z„ = ^07^. But 



ds 



< Csup{x{q) ^\C{q)\ : q G 'Sq, 7rs_b(g) = 7n(s)}, 
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and for such g, by (3.29), 

< C{x{pn) + - + (m + e^)s/x{pn))~^^^~''~^'^^^''^Qn{Q) 

+ C{x{pn) + + 

so 

< C{x{pn) + (/i - ri).s)-i(l + (/x + ei)s/x(p„))-'('^-^^)/('^+^^)e„(0)V2 
+ C\/x{pn) + (/x + ei)s 

+ CVa;(Pn) + (At + ei)s. 
Thus, integrating the right hand side shows that 

\Zn{s) - Z„(0)| < C'ejO)V2((l + 6i)s/x(p„))-'('^-^^)/('^+^^) - l) 

+ C's^yx{pn) + (/U + ei)s 

< C"e„(0)V2 + C"sV^(Pn) + (/x + ei)s. 

An argument as above gives the desired equicontinuity for n sufficiently 
large, completing the proof of the lemma. □ 

Corollary 3.18. Suppose that a G 'Hw,h, P € T^eb,0,a, Pn € S'^^^M , and 

Pn^p in ''^S*M. Let 7„ : [0, 5o] ^S*Mq he GBB such that 7„(0) = Pn- 
Then there is a GBB 7 : [0,6o] ^S*Mq and 7„ has a subsequence, {'yn^.}, 
such that 7„^ — > 7 uniformly, the lift 7 : [0, Sq] —>■ '^^S*M of 7 satisfies 
7(0) = p, and the lift 7„j, of 7„^ converges to 7 uniformly. 

Proof. As Pn p, it follows that there is a compact set Kq c Mq such 
that 7n(s) e ^'^Kq-^o for all n and all s G [0, (5o]. Then by the com- 
pactness of the set of GBB's with image in ^S'^Mq in the topology of 
uniform convergence, [14, Proposition 6], 7„ has a subsequence, 7^^., uni- 
formly converging to a GBB 7 : [0,5o] — > ^S'*Mo. In particular, 7(0) = 
limjt7„^(0) = limfcroeb(Pnfe) = ^eh{p) = «■ By Lemma 3.13, 7 lifts to a 
curve 7 : [0, 5o] — > '^^5*M. We claim that 7(0) = p — once we show this, the 
corollary is proved. 

Let 7n : [0,Sq] — >■ ^^S*M be the lift of 7„. By Lemma 3.16, {'Jn^}km is 
equicontinuous. Since for (5 > 7nfc|[5,(5o] ~^ 7 uniformly, and these curves 
all have images in ^S'^_^Mq for some Ki compact, disjoint from W, where 
^S'^^Mq and canonically diffeomorphic, we deduce that 

7nJ[5,5o] ^ 7l[5,5o] uniformly; in particular {%J[s,So]} is a Cauchy sequence 
in the uniform topology. 
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Let d he a metric on S*M giving rise to its topology. Given e > let 
5 > be such that for < s < J and for all n, one has d{'jn{s),jn{0)) = 
d{'yn{s),Pn) < e/3 — this 6 exists by equicontinuity. Next, let be such 
that for k,m > N, d{pn^,Pnm) < and for fe,m > A'', (5 < s < Sq, 
d{lrn:{s),%^{s)) < e/3; such a choice of N exists by the uniform Cauchy 
statement above, and the convergence of {pn}- Thus, for k,m > N and 
0<s<5, 

C^(7nfe(s),7n„(s)) < d{%^{s),pnj + d{pni,,pnj + d{pn„,%^is)) < €. 

Since we already know the analogous claim for 5 < s < 6o, it follows that 
{7"fc} is uniformly Cauchy, hence converges uniformly to a continuous map 
7 : [0,5o] ^^S*M. In particular, 7(0) = limfe7„^(0) = limfcp„^ = p. But 
7nJ[5,5„] ^ 7l[5,5o] uniformly for 5 > 0, so %s,So] = 7l[5,5o]- The continuity 
of both 7 and 7 now shows that 7 = 7, and in particular 7(0) = p ss 
claimed. □ 

Now we are ready to introduce the bicharacteristics that turn out in 
general to carry full-strength, rather than weaker, diffracted, singularities. 

Definition 3.19. A geometric GBB is a GBB 7 : (— soj^o) with q = 

7(0) G nw,h such that there is an EGBB p : R ^ ^^T^M with 

lim p{s) = lim 7-(i), 
lim p{s) = lim 7+(i), 

with 7+, rcsp. 7_, denoting the lifts 7|[o,5o]) resp. 7|[_5(,,o]) ^0 > sufficiently 
small, to ''^S*M. 

We say that two points w, w' G ^Sq are geometrically related if they lie 
along a single geometric GBB . 

Let r be a large parameter, fixed for the duration of the this paper. 

Definition 3.20. For p G Hw,h the flowout of p, denoted J^o^p^ ^s the union 
of images 7((0, T]) of GBB's 7 : [0, T] ""Sq with 7(0) = p. 

For p G Ti-wh, the regular part of the flowout of p, denoted J-"^ is 
the union of images 7((0, sq)) of normally approaching (or regular) GBB's 
7 : [0, So) ""So with 7(0) = p and 7(5) G T*M° for s G (0, sq). 

The regular part of the flowout of a subset of 'Hw,h is the union of the 
regular parts of the flowouts from the points in the set. 

We let 

0,p,sing 

denote the union of images 7(0, T] of non-normally-approaching GBB's 7, 
i.e. those GBB's 7 with 7(0) G ^ n 7^eb• 

Incoming flowout and its regular part are defined correspondingly and 
denoted 

■pW -pW 
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We let T^jQ denote the union of the flowouts of all p € H-w^h- 

We also need to define the flowout into or out of a single hyperbolic point 
q G '7^eb,a,//o for p G 'Hw,b as above, we will consider the flow in/out 
to a single point in a fiber q G T^eb,p,i/o)- Remark 3.15, given such a q, 
there is a unique EGBB 7(5) with lims_>_(X) 7(5) = q. 

Definition 3.21. For q G TI^]^ j/qY^S*^M, let ^i/o,q denote the image 
7((0, T]) where 7 is the unique EGBB with limg^-i-oo 7(s) = q- Let ^i/o,q,reg 
be defined as the union of 7((0, sq)) with 7(3) G T*M° for all s G (0, sq). Ad- 
ditionally, let J- 1 jo denote the union of all flowouts of g G 7^eb,//o\*'5*^;^,M, 
and let T = TiU To- 

One needs some control over the intervals on which normally approaching 
GBB do not hit the boundary of M: 

Lemma 3.22. Suppose K C W° is compact, K, C Ti-w^h is compact, cq > 0. 
Then there is 5q > ^ such that if 7 : [0, eo] ^S*Mq a GBB with lift 7, 
7(0) G 7ecb,a,o n ^'^S'^M for some a ^ K,, then 7((0, 5q)) n """"S^j^M = 0. 

Proof. First, by Lemma 3.5 there is a (5q > such that any GBB 7 with 
7(0) G /C satisfies 7|(o,<s^] disjoint from ^S^Mq. 

Suppose now that there is no > as claimed. Then there exist GBB's 
7i : [0, eo] ^ ^S*Mo, p'^ G '^S*j^M n 7^cb,a„o, G ^, and 5j > 0, Sj ^ 0, 
such that G ^Sq^j^^Mq, and the lift 7^ of jj satisfies 7j(0) = pj. We 

may assume that 6j < eo/2 and Sj < S'q for all j, hence ^j{Sj) ^ ^S^Mq. By 
passing to a subsequence, using the compactness of /C and of K, hence of 
'^''S'^M n 7?.eb,x;,0) we may assume that {aj} converges to some a G /C, and 
{p'j} converges to some p G '^^S'^M n 7^cb,a,o- Using the continuity of 
for each j, we may then choose some < e j < Sj such that pj = 7j(ej) p 
as well; note that pj ^ ^^S'^M. (We introduce Cj to shift the argument of 

7j by ej, namely to ensure that + Cj) at s = is outside ^S^M, so 
Corollary 3.18 is applicable.) Thus, we can apply Corollary 3.18 to conclude 
that : [0, eo/2] ^S*Mq has a subsequence such that 7^^. {■+€nj) 

converges uniformly to a GBB 7, the lifts 7„^ (. + e„j ) also converge uniformly 
to the lift 7, and 7(0) = p. Thus, 7„^(((5„^. - e„^.) + e„^.) ^ 7(0) = p since 
^n, - e,,, 0. As 7n,((5n, " ) + e„^ ) G ^^5;^^^M and ^S;^^^^^M 
is closed, it follows that p G *^'^S'*j^^^^„M, contradicting p G ^^S^M. This 
proves the lemma. □ 

Remark 3.23. Another proof could be given that uses the description of the 
edge bicharacteristics in [25], since the GBB covered arc normally incident. 

Corollary 3.24. Suppose U C W° is open with U C W° compact, U C 
'Hw,h is open with U C Wv^jb compact. Then there is 5q > d such that the 
set O of points p G ^^S*M for which there is a GBB 7 with lift 7 such that 
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7(0) G S'^Mn7^eb,w,o andj{s) =p for some s G [0, (5o) is aC°° coisotropic 
submanifold of^^S*M transversal to ^^S*^M. 

Proof. By Lemma 3.22, with K = U, K = U, there is a 5o > as in the 
lemma, hence the set O consists of points p for which the GBB 7 only meet 
dM at s = 0, so (taking into account part (2) of Lemma 3.12 as well) O 
is a subset of the edge flow-out studied in [25] (e.g. by extending the edge 
metric g smoothly across the boundary hypersurfaces other than W). In 
particular, the properties of the flowout of such an open subset being C°°, 
coisotropic^ and transversal to ^^S^M follow from Theorem 4.1 of [25]. □ 

We now turn to properties of the singular flowout. 

Lemma 3.25. The singular flowout, J^sing, is closed in ^^S^^^M. 

Proof. Suppose pn G .^-"sing, and let 7„ be such that the lift 7„ of 7^ satisfies 
7n(0) e G n TZch, and 7„(s„) = p„, s„ G (0,r]. Suppose that Pn ^ p € 
^^S'^^^^M. Then there exists a compact subset of M such that 7n(s) G 

^S^^M for all n and all s G [0, T]. By passing to a subsequence we may 
assume that s„ — s; as p ^ ^^S^M, s ^ 0. By passing to yet another 
subsequence wc may also assume that 7n(0) q G Ci TZch- Let e„ > 0, 
e„ 0, so ^n{^n) ^ *'S'*^M and 7n(e,j) q. By Corollary 3.18 we conclude 
that 7n(. + en) ■ [0, T] — > ^S*Mo has a subsequence 7^^. such that ■jnj (• + ^nj ) 
converges uniformly to a GBB 7, the lifts %j{. + enj) also converge uniformly 
to the lift 7, and 7(0) = q. In particular, as 7„^ ((sn^. -e„J+e„J = 7„^(sn^) = 
Prij — ^ Pi and Snj — s, 7(5) =p,sope J^sing as claimed. □ 

Lemma 3.26. Suppose K C W° is compact, IC C Ti-w,}^ is compact. Then 
K has a neighborhood U in M and there is eo > such that if 7 : [0, eo] 
^S*Mo is a GBB with lift 7, 7(0) G 7^eb,o n G, 7(0) G /C then 7(5) ^ ""^S^jM 
for s G (0,eo]. 

Proof. Let eo > be such that any GBB 7 with 7(0) G JC satisfies 7|(o,eo] 
disjoint from ^S^Mq; such eo exists by Lemma 3.5. 

Now suppose that no U exists as stated. Then there exist GBB 7^ and 
Sn G (0, eo] such that the lifts of 7n satisfies 7n(0) G Tleh,o H G, 7n(0) G /C 
and 7r(7„(sn)) q, q e K, where tt : ^^S*M — M is the bundle projection. 

By the compactness of IC and the compactness of ^aelc'^ch,o,a H we 
may pass to a subsequence (which we do not indicate in notation) such that 
7„(0) converges to some a G /C and 7n(0) converges to some p G Tleh,o ^ G- 

'''in [25], being coisotropic is considered as a property of submanifolds of a syniplcctic 
manifold, '^T*M \ o, M being an edge manifold. Conic submanifolds of ^T*M \ o can be 
identified with submanifolds of "S'M, and conversely, thus one cam talk about subman- 
ifolds of "S*M being coisotropic. Alternatively, this notion could be defined using the 
contact structure of '^S*Ad, but for the sake of simplicity, and due to the role of symplcctic 
structures in classical microlocal analysis, we did not follow this route in [25], necessitating 
making the connection via homogeneity here. 



DIFFRACTION ON MANIFOLDS WITH CORNERS 



31 



We may further pass to a subsequence such that s„ ^ sq G [0, eo], and stUl 
further (taking into account the compactness of the fibers of ^^S*M — M) 
that 7n(sn) ^ p G '^^S'^M. Choose^ e„ G (0, sufficiently small such 
that e„ ^ and 7n(en) ~^ P- By Corollary 3.18 7„(. + €n) has a convergent 
subsequence such that 7raj.(. + e„^) converge uniformly to a GBB 7 and 
the lifts 7nfe(- + Cnfc) converge uniformly to the lift 7 and 7(0) = p. Thus, 
7nfc(snfc + en^) 7(so), SO 7(50) = p G "'^S^M. But by the definition of eo, 
7(so) ^ ^S^Mo if sq > 0, while sq = is impossible as 7(0) = p€ "^St^^M, 

while K C This contradiction shows that the claimed U exists, proving 
the lemma. □ 

Corollary 3.27. Suppose K C W° is compact, IC C Ti-w.h is compact. Then 
K has a neighborhood U in M and there is eo > such that if o & U \ W 
and J is a GBB with 7(0) G ^S*Mq then for s G [— eo,0], 7(3) G /C implies 
7 is normally incident. 

In particular, if q G W° , a G 'Hw,h md 70 is a GBB with 7o(0) = a and 
lift 70(0) G ''^S*M then there is 60 > such that s G (0, ^q], 7o(s) G ^S*Mo 
implies that every GBB 7 with 7(0) G ^S*Mo, 7(5) = a, s G [— eo,0], is 
normally incident. 

Proof. Let U and eo be as in Lemma 3.26. If o G t/, 7 is a GBB with 
7(0) G ^S*Mo, So G [— eo,0], 7(so) G /C and 7 is not normally incident, 
then the lift 7 of 7 satisfies 7(so) G Ttehfi H by Lemma 3.13. Thus, with 
7o('5) = l{s — So), so 7o(0) G 'JZch,o ^ G, 7o(0) G IC, Lemma 3.26 shows that 
7o(s) ^ °^5^M for s G (0,eo], contradicting 7o(-so) G ^5*Mo. 

The second half follows by taking /C = {a}, K = {q\. □ 



3.5. A summary. The following table summarizes a number of the most 
useful facts about the bundles that we have introduced above. 



Manifold 


Mo 


Mo 


M 


M 


Bundle 


b 


s 


eb 


es 


Vector fields 




8 8 


xd^,xdy,zl8^',d^" 


xdx, xdy, 


Dual coords 










Char, set 


"^0 


'So 







(We have omitted time coordinates and their duals, as they behave just 
like y variables, and the notation follows suit.) 



gain, we do this so that Corollary 3.18 is applicable; cf. the proof of Lemma 3.22. 
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We also employ a number of maps among these structures, the most 
common being: 

: ''T^M ^ T*W, 
Web : "^Tt^M ^ T*VF. 

Recall that hats over maps indicate their restrictions to the relevant char- 
acteristic set. 

4. Edge-b calculus 

Recall from Definition 3.9 that Veb(-^) is the space of smooth vector fields 

that are tangent to all of dM and tangent to the fibration ofWC dM given 
by blowdown. Thus, in local coordinates, Veh{M) is spanned over C°°{M) 
by the vector fields 

xdx, xdt, xdy, z[d^i,,dzii 

Definition 4.1. The space Diff *^(M) is the filtered algebra of operators over 
C°°(M) generated by Veb(M). 

Recall also that Veb(M) = C°°(M; '^^TM), and *r*M is the dual bundle 
of ^^TM. In Appendix B the corresponding pseudodifferential operators are 
constructed. 

Theorem 4.2. There exists a pseudodifferential calculus '^*^{M) microlo- 
calizing Diff*b(M). 

The double space M^^ on which the kernels are defined is such that the 
quotient x/x' oi the same boundary defining function on the left or right fac- 
tor, lifts to be smooth except near the 'old' boundaries at which the kernels 
arc required to vanish to infinite order. It follows that x/x' is a multiplier 
(and divider) on the space of kernels. This corresponds the action by con- 
jugation of these defining fucntions, so it is possible to define a weighted 
version of the calculus. Set 

^2\M)=x-^^2iM). 

Proposition 4.3. ^'*^*(M) is a bi- filtered calculus. 

Now, ^'*^^(M) has all the properties (I- VII) of [25, Section 3], where V in 
[25, Section 3] is replaced by eb . Since the multiplier x/x' is identically equal 
to one on the lifted diagonal, the symbol is unaffected by this conjugation 
and hence the principal symbol map extends to 
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with the standard short exact sequence — see properties (III~IV). There are 
edge-b-Sobolev spaces, H^^^{M), defined via the eUiptic elements of '^^^{M), 
and on which the elements define bounded maps 

see property (VII). 

The symbol of the commutator of A G *^''(M) and B € *^''^'(M) is 
given by 

Creh,m+m' -1,1+1' ii[A,B]) = Hcb,cr„b,mj(^) ('^cb,m',r (^))- 

In local coordinates the edge-b Hamilton vector field becomes 

(4.1) Heb,/ = ^xd. -i^d^ + ^-d^)^^ + ^d^^y + ( - "9^) • 

In particular, 

(4.2) x-''H^y,^^k^ = kad^ + Heb,a- 

In the space-time setting, where one of the y variables, t, is distinguished 
(and we still write y for the rest of the base variables), it is useful to rewrite 
this using the re-homogenized dual variables ?7 = ??/|t|, ^ = C/I''"|) C = C/I''"|) 
a = |r|~^, valid near ^^S, this becomes 

(4.3) .-'H.,, = - (-g -If - < ■ + -I"" 

This is tangent to the fibers of tUeb : '"'"S n S*W , in fact to 

its natural extension to a neighborhood of n ^^S'*^M in *''^S'^M, so if 
h G C°°(^'^S'^M) with 6|eb5* m constant along the fibers of this extension, 

then cr'^~^Heb,/6 € xC^{f^S*M') for / homogeneous degree [i. 

The fact that the operators arc defined by kernels which arc conormal 
means that there is an operator wave front set WF^j^ for the cb-calculus, i.e. 
for A e ^'cb(^)> WF^b(^) C ^^S'*M, with the properties (A)~(F) of [25, 
Section 3], so in particular algebraic operations are microlocal, see proper- 
ties (A)-(B), and there are microlocal paramctrices at points at which the 
principal symbol is elliptic (see property (E)). These paramctrices have error 
terms with which are smooth on the double space, but they are not compact. 
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As is the case for the b-calculus, ^*|^(M) has the additional property 
that the radial vector fields Vj for all boundary hypersurfaces {pj = 0} 
other than W, [A,Vj] G pj^^^^M) if A e ^"^(M), i.e. there is a gain of 
Pj over the a priori order. This follows from the analysis of the normal 
operators — see [25, Section 3]. In local coordinates a radial vector field for 
Zj = is given by Zj d^i, ; Vj being a radial vector field for z'^ = means that 
Vj — Zjdz'. G ZjVch{M). This latter requirement can easily be seen to be 
defined independently of choices of coordinate systems. 

5. DiFFERENTIAL-PSEUDODIFFERENTIAL OPERATORS 

5.1. The calculus. We start by defining an algebra of operators which 

includes □. First, recall that Ves(-^) is the Lie algebra of vector fields that 
are tangent to the front face and to the fibers of the blow down map restricted 
to the front face, f5\^^ : W ^ W (but are not required to be tangent to 
other boundary faces). Thus, elements V of Vcs{M) define operators V : 
C°°{M) C'^iM) and also V : C°°{M) C~(M). 

Definition 5.1. Let Diffgg(M) be the filtered algebra of operators (acting 
either on C°°(M) or C°°(M)) over C°°(Af) generated by Vcs(M). 

We also let Diffgj;'(M) = x^' Diffgg(M); this is an algebra of operators 
acting on C°°{M), and also on the space of functions classical conormal to 
W, UseRX~'C°°{M). 

Remark 5.2. Note that the possibility of the appearance of boundary terms 
requires care to be exercised with adjoints, as opposed to formal adjoints. 
See for instance Lemma 5.18. 

We also remark that Diffgg(M), hence Diffgg(M), is closed under con- 
jugation by where x is a defining function for W. This follows from the 
fact that Diffgg(M) is so closed; the key property is that 

x''{xd^)x-'' = (xd^) -re Difr,\(M). 

We will require, for commutator arguments that involve interaction of 
singularities with dM\W, a calculus of mixed differential-pseudodifferential 
operators, mixing edge-b-pseudodifferential operators with these (more sin- 
gular) edge-smooth differential operators. 

Definition 5.3. Let 

Diffg\*-b(M) = {J2^c,Bf3 : Aa e Diffg^g(M), Bp G ^Tb{M)} 

Proposition 5.4. ,„ Diffgg ^'^(M) is a filtered C°^{M) -module, and an 
algebra under composition; it is commutative to top eh-order, i.e. for P G 
Diffg^, ^'^(M), Q G Diff^; ^'^'(M), 

[P,Q] G Diff^+'=' ^r^+^^'-^M). 

The key is the following lemma. 
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Lemma 5.5. If A e ^^(M) and Q G Vcs(M), then 

(5.1) [A, Q] = Y^ QjA, + B, [A, Q] = Y^ A'^Q', + B'^ 
where B, B' G *^(M), Aj, A'^ G Qj^ Q'j ^ ^es{M). 

Proof. As both Vcs(M) and ^"^(M) are C°°(M)-modules, we can use a 
partition of unity, and it suffices to work locally and with a spanning set of 
vector fields. Since xD^, xDy., D^ii G Veb(Af), the conclusion is automatic 
for Q chosen from among these vector fields since then B = [A, Q\ G ^'^^(M). 
Thus it only remains to consider the Q = D^' where is a defining function 

for one of the other boundary faces. Then for Q = ZjQ = ZjD^i G Diffgb(M), 
[A,Q] G ^JJ(M)). The normal operator at Zj = satisfies Nj{[A,Q]) = 
[Nj{A), Nj{Q)], and Nj{Q) is scalar, and hence commutes with Nj{A). Thus 
Nji[A,Q]) = 0, so [A,Q] G z'-^^iM)- Consequently, 

(5.2) -[A,Q] = [Q,A] = {z',)-'[Q,A] + i[iz'^)-\ A]z'^)iz'^)-'Q, 

with the first term on the right hand side in ^"^(M), the second of the form 
AQ, A G '^2'\M). This proves the first half of the lemma. The other part 
is similar. □ 

Proof of Proposition 5.4- The algebra properties follow immediately from 
the lemma. It only remains to verify the leading order commutativity. 

As the bracket is a derivation in each argument, it suffices to consider 
P, Q lying in either Ves(M) or **^(M). If both operators are in ^*,^(M), 
the result follows from the symbol calculus. If P, Q G Ves(M), we have 
[P, Q] = R £ Ves{M). We need to write i? as a sum of elements of DiSl,{M) 
times elements of '^~^{M). To this end, let A be an elliptic element of 
^g^(M) given by a sum of square of vector fields in Veb(Af), e.g. in local 
coordinates 

A = {xd^f + {xdtf + Y^ixdyf + Y.^z[d,'f + E 

We write A = ^ V^? for brevity. Let T G ^'^^{M) be an elliptic parametrix 
for A. Then we may write 

id = j;y,(F,-T) + s, 

with E G "^^^{M). Now since Veb(M) C Ves(M), we certainly have Vj G 
Ves(M) for each j, hence RVj G Diff^g(M). Moreover VjT G (M). Thus, 

R = Y^{RVj){VjT) + RE, 

and we have shown that R G Diff^^ ^'^{M). 

Finally, if P G Ves(M) and Q G ^'^^(M) (or vice- versa) then using the 
lemma (and its notation) we may write 

[PM = Y.Qi^i + ^- 
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Using the same method as above to write B = J2 ^^ji^j'^) + '^^ find 
that[P,Q]GDifFi,*--i(M). □ 

The above proof also yields the following useful consequence. 
Lemma 5.6. For all m, I eM., and k eN, 

Diff-*ib(M)cDiff-+^^^-*^(M). 

We note the following consequence of (5.2): 
Lemma 5.7. Let A € ^'^^(M), a = crcb,m(^)- Then 

where A^ G *^(M), A^ G *^"'(M), 

da , , da da 

Note that this is exactly what one would expect from computation at the 
level of edge-b symbols: the Hamilton vector field of CjV(2^-2^i) is (CV(^^i))(% + 
d^) + x~^d^i, . 

Proof. This follows immediately from writing 

[x-^D^,,,A] = [x'~^,A]D^,, +x''^[D^,,,A]. 

We then use (5.2) together with the following principal symbol calculations 
in ^1^{M), see (4.1): 

*o-eb,m([Q',^]) = Zjd^'.a, 

^0■eb,m-l([(4)~^^]4) = ^Cj"' 
*0-eb,m-l([a;~\^]) = X'^d^a, 

as well as [x'*^b(-^).^''*eb(^)] ^ x'+''^'^^'='-\M), which allows one to 
exchange factors after the previous steps without affecting the computed 
principal symbols. □ 

We now define the edge-smooth Sobolev spaces. It is with respect to these 
base spaces that we will measure regularity in proving propagation of edge-b 
wavefront set. 

Definition 5.8. For s > integer, 

H^i-^f+^y^(M) = {ue x^LliM) : A G Diff^,(M) ^ Au e x^lI{M)}. 

The norm in H^s '■•^^^''''^(M), up to equivalence, is defined using any finite 
number of generators Aj for the finitely generated C°° (M)-module Diffgg(M) 

by 

1/2 



(M) 
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The space H'Jq ^^^^^'^{M) is the closure of d^(M) in H^i ^^+^^/^(M). 

Remark 5.9. The orders above are chosen so that setting ,s = 0, / = 0, we 
obtain L2(M) = H^^f^^^^^'^{M). Thus x^f+^^/^Ll{M) = L^{M,x-^i'+^^ dg) 
is the L^-space corresponding to densities that are smooth up to all boundary 
hypersurfaces of M except and that are b-densities at the interior of 
meaning that x{x^^f^'^'^ dg) is actually a smooth non-degenerate density on 
M. This convention keeps the weights consistent with [25]. 
Note also that the subspace C of C°°{M) given by 

C = x°°C°°(M) 

is dense in H^i '■'^^^■'^^(M) for all s and I; one could even require sup- 
ports disjoint from W . Thus, the difference between H^^q ^^^'^'^^'^ {M) and 

^^cs' ^^^^'^^'^ {M) corresponds to the behavior at the boundary hypersurfaces 
of M other than W , i.e. those arising from the boundary hypersurfaces of 
Mo, where the boundary conditions are imposed. Thus, this difference is 
similar to the difference between H^(yi) and Hq(^) for domains J7 with 
smooth boundary in a manifold. 

The boundedness of on Hh^'^^^'^^^^ (M) is an immediate conse- 

quence of the commutation property in Lemma 5.5. 

Theorem 5.10. ^"^(M) is bounded on both i?e^^~^-^"^^^''^(M) and on the 
closed subspace hI^^'^^^^^^'^ (M). 

Remark 5.11. The more general case of i?eV ^-^^^^^^(M) with arbitrary I 
follows from the case of / = 1 using x^'-Ax'- G ^'^y^{M) for A G *°^,(M). 

In fact, reduction to Z = would make the proof below even more trans- 
parent. 

The case can be proved similarly, but we do not need 

this here. 

Proof. As *eb(^) • C°°(M) C°°(M), the second statement follows from 
the first and the definition of hI^^''^^^'^^^^ (M). 

As above, let C be the subspace of C°°{M) consisting of functions van- 
ishing to infinite order at W, which is thus dense in Hcs^ ^'^^^^'''^ (M). Let 
A G ^'eb(^) : C ^ C, and A is bounded on L^iM), one merely 

needs to check that for Q G Diffgg(M) there exists C > such that for 
ueC, 

\\x~^QAu\\l2 < C\\u\\jji,i-(f+i)/2^j^y 

But 

x~^QAu = {[x''^,A]x){x''^Qu) + x~^[Q, A]u + A{x'^Qu). 
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By Lemma 5.5, [Q,A] = J2^jQj + B, B G ^1^{M), Aj G %^{M), Qj e 
Diff^g(M), hence x-'^[Q,A] = ^{x-^Ajx){x-^Qj) + {x-^Bx)x-^, 

x'^QAu = {[x~'^,A]x){x~'^Qu) + '^{x~^Ajx){x~^Qju) 

+ {x~^Bx){x~^u) + A{x~'^Qu), 

so the desired conclusion follows from 

\\x~'^Qu\\l2^M), \\x'^QjU\\Lj{M), \\x~^u\\Lj{M) < HeV"'^+'^''^(A^) ' ^ ^ ^' 

and additionally [x~^,A]x,x~^AjX G ^~^{M) C ^'cb(-^) (which are thus 
bounded on Lf{M), just as A, x~^Bx G '^%,{M) are). □ 

We can now define the eb-wave front set relative to a given Hilbert (or even 
Banach) space, which in practice will be either the Dirichlet form domain or 
a weighted edge-smooth Sobolev space serving as a stand-in for the Neumann 
form domain. 

Definition 5.12. Let X denote a Hilbert space on which operators in "^^^{M) 
are bounded, with the operator norm of Op(a) depending on a fixed semi- 
norm of a. 

Let q G ''^S*M, u G X. For m > 0, r < 0, we say that q ^ WF"^''^(m) 
if there exists A G ^'^'^(M) elliptic at q such that Au G X. We also define 
q ^ WF^^^(tt) if there exists A G ^'^b (M) eUiptic at q such that PAu G X 
for all P G Diff*b(M). 

There is an inclusion 

WF-f3e«cWF->'„ 

if 

m < m', r < r'. 

Remark 5.13. We could alter this definition to allow u a priori to lie in the 
larger space 

with Aj G ^'^'°(M); this would allow us to give a non-trivial definition of 
WF^^''^^ even for m < 0. 

The restriction to r < is more serious: operators in '^*^{M) would in 
general fail to be microlocal with respect to a putative WF^'^(M) with 
r > 0. 

Note also that if X' is a closed subspace of X, with the induced norm, and 
if elements of ^'^^{M) restrict to (necessarily bounded) maps X' ^ X', then 
for u G X', 

(5.3) WF-f3,(u)=WF-f3,,(u). 
In particular, this holds with X = He/{M) and X' = H^^q{M). 
The eb-wave front set captures eb-regularity: 
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Lemma 5.14. If u ^ X, r < 0, m > and WFg|!^''^(u) = 0, then u G 

^eb'xiod^)' /^^^ '^^^ ^ ^ ^eb'^(-^) With compactly supported kernel, 
Au G X. 

Proof. This is a standard argument (sec e.g. [34, Lemma 3.10]): For each 
q £ <=^S'*M there is Bg G *"^'''(M) eUiptic at q such that BgU € X. By 
compactness, *S'*M can be covered by [Jj ell{Bq.) for finitely many points 
qj. Now choose Q G ^^''^'iM) eUiptic, and set B = Y.QB*q.Bq^. Then 
B is elliptic and Bu G X. As B has a parametrix G G ^'^'"'"'^(M) with 
- Id G *7b°°'°(M), 

Au = AG{Bu) + (A(Id -GB))u, and A(Id -GB) G %^'''{M) c \^°b°(M), 
shows the claim. □ 

PseudodifFerential operators are microlocal, as follows by a standard ar- 
gument: 

Lemma 5.15. (Microlocality) If B e ^'eb(M) then for r,r - I < 0, u e X, 

WF2:x '"'(Bu) C WF'(B) n WF^'xiu)- 

In particular, ifWF'{B) n WF™''^(u) = then Bu G H2~i%~\M). 

Proof. We assume m > s and m > in accordance with the definition above; 
but the general case is treated easily by the preceeding remarks. 

If 5 G ^^S*M, q ^ WF'(B), let A G ^'^"'''^"'(M) be elliptic at q such that 
WF'{A)nWF'{B) = 0. Thus AB G '^'^''"{M) c *eb (-^)' ^^nce ABu G X, 

so g ^ WF™-^^''-'(5n). 

On tlic other hand, if g G ''^S*M, q ^ ^^F'^'xiu), then there is C G 

^2^{M) elliptic at q such that Cu G X. Let G be a microlocal parametrix 

for G, so G G ^;"™'~''(^)' and g ^ WF'(GG - Id). Let A G be 
elliptic at q and such that WF'(^) n WF' (GG - Id) = 0. Then 

ABu = ABGCu + AB(Id -GC)u, 

and y4S(Id-GG) G *~°°'''(M) C *°i|'(M) since WF' (A) nWF' (Id -GG) = 
0, so the second term on the right hand side is in X. On the other hand, 
CueX and ABG G (^)' ABG{Cu) e X as well, proving the wave 
front set containment. 

The final claim follows immediately from this and Lemma 5.14. □ 

There is a quantitative version of the lemma as well. Since the proof is 
similar, cf. [34, Lemma 3.13], we omit it. 

Lemma 5.16. Suppose that K C ^^S*M is compact, U is a neighborhood 
of K, K C AI compact. 

Let Q G \I'gj^'(M) elliptic on K with WF'((5) c U and the Schwartz kernel 
of Q supported in K x K. 



40 RICHARD MELROSE, ANDRAS VASY, AND JARED WUNSCH 

If B is a bounded family in ^'^^^ (M) with Schwartz kernel supported in 
K X k and with WF'{B) C K then for r,r — l<0, there is C > such that 
forueX with WF^^^xi^) n = 0, 

\\Bu\\x<C{\\uy+\\Qu\\x). 

5.2. Dual spaces and adjoints. We now discuss the dual spaces. For 

simplicity of notation we suppress the loc and c subscripts for the local spaces 
and compact supports. In principle this should only be done if M is compact, 
but, as this aspect of the material is standard, we feel that this would only 
distract from the new aspects. See for instance [34, Section 3] for a treatment 
where all the compact supports and local spaces are spelled out in full detail. 

Recall now from Appendix A that if j£ is a dense subspace of L^, equipped 
with an inner product (., .)x in which it is a Hilbert space and the inclusion 
map i into is continuous, then there is a linear injective inclusion map 
— X* with dense range, namely 

i* = o j o c : ^ X* 

where : (Lg(M))* X* is the standard adjoint map, j : Lg{M) 
Ly{M)* the standard conjugate-linear identification of a Hilbert space with 
its dual, and c is pointwise complex conjugation of functions. In particular, 
one has the chain of inclusions X C Lg{M) C X*, and one considers X*, 
together with these inclusions, as the dual space of X with respect to L^(M). 

Definition 5.17. For s > 0, the dual space of H^i{M) with respect to the 
L2(M) inner product is denoted H^s~^~''^'^'^\m). 
For s > 0, the dual space of the closed subspace 

KUm) ^ Ki{M) 

is denoted ife^*'"'"^-^+^^(M); this is a quotient space of H^'~^''^^'^^\m). 
We denote the quotient map by 

p : iJ-^'-'-(/+i)(M) ^ if-/'-'-(/+i)(M). 

The standard characterization of these distribution spaces, by doubling 
across all boundary faces of M except W, is still valid — see [10, Appen- 
dix B.2] and [34, §3]. Note that for all s,l, elements of Hes~^''''^'^^\M) 
are in particular continuous linear functionals on C, which in turn is a dense 
subspace of Hei{M). In particular, they can be identified as elements of the 
dual C of C Thus, were it not for the infinite order vanishing imposed at 
W for elements of C, these would be "supported distributions" — hence the 
notation with the dot. On the other hand, elements of i^es*' ' ^'^~^^\m) are 
only continuous linear functionals on C°°(M) (rather than on C), though by 
the Hahn-Banach theorem can be extended to continuous linear functionals 
on C in a non-unique fashion. 
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If P G x^'' Diffgg(M), then it defines a continuous Unear map 

P : H'^J{M) ^ H^J-^{M). 

Thus, its Banach space adjoint (with respect to the sesquilinear dnsl pairing) 
is a map 

(5.4) 

P* : (i7°/-''(M))* = ij°f-'-(-'^+i)(M) ^ {H^\M)y = H-'^-^-^f+^^M), 

{P*u,v) = {u,Pv), u G i7°f-'-(/+^(M), V G i?e¥W- 

In principle, P* depends on I and r. However, the density of C in these 
spaces shows that in fact it does not. 

There is an important distinction here between considering P* as stated, 
or as composed with the quotient map, po P* . 

Lemma 5.18. Suppose that P G a;"'" Diffgg(M). Then there exists a unique 
Q G x"'' Diffgg(M) such that po P* = Q. However, in general, acting on C, 
P*^Q. 

If, on the other hand, P G x~^ Diff (M) , then there exists a unique 
Q G x-^ Diff^b(^) such that P* = Q. 

Proof. For the first part wc integrate by parts in [u, Pv) using u, v G C°°(M) 
(noting that C°°(M) is dense in H^q{M)). Thus, one can localize. In local 

coordinates the density is dg = Jx^ dxdydz, with J G C'^{M), so for a 
vector field V G Ves{M), noting the lack of boundary terms due to the 
infinite order vanishing of u and v, one has (with the first equality being the 
definition of V*) 

{V*u, v) = {u, Vv) = J u Vv Jx^ dx dy dz 

= J {J~^x~-^V\jx-^u))v Jx^ dx dy dz, 

where for V = a{xD^) + bj{xDy.) + CjD^. , with a, bj,Cj G C°°(M), 

Ft = D^xa + J2 ^Dy-hj + DzjC] G Diff i,(M). 

Conjugation of by Jx^ still yields an operator in Diffgg(M). This shows 
the existence (and uniqueness!) of the desired Q, namely 

Q = J-'^x-^vUx^. 

The density of C°^{M) in Hef~^~'^-^^^\M) now finishes the proof of the 
first claim when P = F G Ves (M) , since this means that {P*u, v) = {Qu, v) 
for all u G Hcf'^~^^^^\M), v G i?es'o(^)- The general case follows by 
induction and adding weight factors (recalling Remark 5.2). 

The same calculation works even if u,v & C provided that V G Veh{M): 
in this case D^j is replaced by vector fields tangent to all boundary faces, i.e. 
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D^if and z'^D^i^ , for which there are no boundary terms — in the second case 

due to the vanishing factor z'-. This proves the claim if P e x'^ T)ml^{M). 

Note, however, that this calculation breaks down \i u,v & C and V G 
Vcs(-A^): the D^t terms gives rise to non- vanishing boundary terms in gen- 
eral, namely 

/ {-^)cjuv Jx^ dxdydzj = ^S^{-iaes,i{V){dxj)u,v)H., 
^ J Hi ~^ 

3 ^ 3 

where Hj is the boundary hypcrsurface z'- = 0, dzj shows that dz'- is dropped 
from the density, and on Hj one uses the density induced by the Riemannian 
density and dz'j . This completes the proof of the lemma. □ 

We now define an extension of Diff gg (M) as follows. 

Definition 5.19. Let .x^*" Diff^^ j-(M) denote the set of Banach space adjoints 
of elements of x^'^' Diff^g(M) in the sense of (5.4). 

Also let Diffgg (|(M) denote operators of the form 

N 

J^QjPj, Pjex-'BiSiiM), Q^ex-^BiSi^^iM). 

For M non-compact, the sum is taken to be locally finite. 

Thus, if P G x-^'"DiS^^^^{M), Pj, Qj as above, and Qj = R*, Rj G 
a;-^Diff^g(M), then 

N 

{Pu,v) = Y^{P,u,Rjv). 

We are now ready to discuss Dirichlet and Neumann boundary conditions 
for Pg a;-2^Diff2g*^,(M). 

Definition 5.20. Suppose P G x"^'' Diff^g [j(M). By the Dirichlet operator 
associated to P we mean the map 

poP:H'J^,{M)^H^'^^--^'{M), 

where p : ffe"^ ' (M) i^el (M) is the quotient map. For / G 
Hcs^'^~'^^ {M) we say that u G H^Iq{M) solves the Dirichlet problem for 
Pu = / if p o Pu = /. We also say in this case that Pu = / with Dirichlet 
boundary conditions. 

Similarly, for / G H^s ' '(M) we say that u G i^cs (M) solves the Neu- 
mann problem for Pu = / if Pu = f. We also say in this case that Pu = f 
with Neumann boundary conditions. Correspondingly, for the sake of com- 
pleteness, by the Neumann operator associated to P we mean P itself. 
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Remark 5.21. As noted in Lemma 5.18, when considering the action of 
Diffgs(M) on C°°{M), Diffgg(M) is closed under adjoints (which thus map 
to C~°°(M), i.e. extendible distributions), so one can suppress the subscript 
fj on Diffgg jj(M). Thus, the subscript's main role is to keep the treatment 
of the Neumann problem clear — without such care, one would need to use 
quadratic forms throughout, as was done in [34]. 

We now turn to the action of ^'^''(M) on the dual spaces. Note that any 
A e *^''(M) maps C to itself, and that *^''(M) is closed under formal 
adjoints, i.e. if ^ G (M) then there is a unique A* G ^^^ i^) such that 
{Au,v) = {u,A*v) for all u,v £C — cf. BiS^y^{M) in Lemma 5.18. We thus 
define A : C ^ C hy {Au,v) = {u,A*v), u e C, v e C. Since C is (even 
sequentially) dense in C' endowed with the weak-* topology, this definition 
is in fact the only reasonable one, and if u £ C, the element of C given by 
this is the linear functional induced by Au on C. 

Next, for subspaces of C we have improved statements. In particular, 
most relevant here, dually to Theorem 5.10, any A G ^'^^^(M) is bounded on 
Hes^'\M) and on H~^'\m). 

We now turn to an extension of Diffgg ^'^^^(M). First, taking adjoints in 
Lemma 5.5, we deduce: 

Lemma 5.22. If A G ^^^(M) andQ G Diff^g^^(M), then [A,Q] = EQi^i+ 
B,Be ^2iM), Aj G ^Z\M), Qj G Difri;,^(M). 

Similarly, [A,Q] = J:A'.Q'j + B'-, B' G *^(M), A'- G ^^^-'(M), Q'- G 

Diffes,t(M)- 

Proof. The proof is an exercise in duality; we only spell it out to emphasize 
our definitions. We have for u £ C' , v £ C, 

{[A, Q]u, v) = {{AQ - QA)u, v) = {u, {Q*A* - A*Q*)v) = {u, [Q*,A*]v) 

where Q* G Diffgg(M), A* G Thus, by Lemma 5.5 (applied with 

Vcs(M) replaced by DifrJg(M)), there exist Aj G ^™-^(M), B G *JJ(M), 
Qj G Difr^3(M) such that [Q*,A*] = -[A*,Q*] = J2QjAj+B. Thus, 

{[A, Q]u, v) = {u, (^ QjAj + B)v) = {{1*0* + B*)u, v), 

with A* G ^^-^M), B* G ^^(M), Q* G Diffgg .^(M). This proves the 
second half of the lemma. The first half is proved similarly, using the second 
half of the statement of Lemma 5.5 rather than its first half. □ 

In fact, the analogue of Lemma 5.7 also holds with D^'. replaced by D*, G 
Diffes,t(M): 

Lemma 5.23. Let A G *^''(M), a = (7eb,m(^)- Then 
i[x-^Dl,,A] =Aix-^Dl,+x-^Ao 
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where Ao G *^''(M), G ^2~^^\m), 

da , , da da 

We thus make the fohowing definition: 

Definition 5.24. Let 

DifF,\,„ ^r-b(M) = {^^ >1„5;3 : e DifF,\,„(M), G *rb(M)}. 

Using Proposition 5.4 and duality, as in the previous lemma, we deduce 
the following: 

Proposition 5.25. Diff^,„ ^'^''(M) is a ^'^^^{M)-bimodule, and 

PA, AP e Diff^,,„ ^'-+^''+'-(M), [P, A] e Diff^,,„ ^'-+-^''+'-(M). 

5.3. Domains. In this section, we discuss the relationship between Dirichlet 
and Neumann form domains of A and the scales of weighted Sobolev that 
we have introduced. First, we identify the Dirichlet quadratic form domain 
in terms of the edge-smooth Sobolev spaces. 

The Priedrichs form domain of A with Dirichlet boundary conditions on 
Xo is 

HoiXo), 

also denoted by H^{Xq) (see [10, Appendix B.2]); we may also view this 
space as the completion of C^{Xq) in the if ^(Xo)-norm, 

h\\m{Xo) = hUj^iXo) + \\du\\L2^(^Xo;T*Xo)- 

Equivalently in terms of "doubling" Xq across all boundary hypersurfaces, 
Hq{Xo) consists of iJ^-functions on the "double" supported in Xq. 

Lemma 5.26. On C°°{X) = /3*C°°(Xo), the norms 



MHHxo) = i\Mh^^ + \\Ml2/^^ 

and 



||^^||j^l,l-(/+l)/2(^) 

are equivalent. 

Proof. Multiplication by elements of C°°{Xq) is bounded with respect to 
both norms (with respect to H^^ ''^'^'^^^^ {X) even C°°{X) is bounded), so 
one can localize in Xq, or equivalently in X near a fiber P~^(j>), p G W, of 
W, and assume that u is supported in such a region. 
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Elements of V{Xq) lift under /3 to span x^^Ves(-'^) as a C°°(X)-module 
by (3.13). In particular, merely since P*V{Xq) C x~^Ves{X), we obtain^ 

(5-6) \\u\\h^{Xo) ^ " ^ 

We now prove the reverse inequality. By the spanning property, we have 

(5-7) \\x-'^Au\\l2 < \\u\\hi^Xo) 

for any A £ Vcs{X) as C°°(X) is bounded on L^iX) = L^^iX). As Vcs{X) 
together with the identity operator generates Diffgg(X), we only need to 
prove 

\\x~^u\\l2(^x) ^ \\u\\m{Xo)^ 

for u G C°°{X) supported near a fiber p G F, of Y. However, this 

follows easily from identifying a neighborhood of (p) with [0,e)xXOyXZz, 
where O C M.'^~f~^, and using the Poincare inequality in Z, namely that 

\Hx,y,.)\\L^z) < C\\{dzu){x,y,.)\\L2^z), n e C°°(Xo). 

Multiplying the square of both sides by x''^'^^ and integrating in x, y, yields 

\\x~^u{x,y,.)\\L2(^x) < C\\{x~^dzu){x,y, .)\\l2(^x) < C'II«IIh1(x) 

by (5.7). □ 

In view of the definition of hI^^q"^^'^^^^'^ (X) as the closure of C°°{X) in 
Hes^ {X), we immediately deduce: 

Proposition 5.27. The Dirichlet form domain of A is given by 
(5.8) H^,{Xo) = Hi;-^f+'^/\x) 

in the strong sense that the natural (up to equivalence) Hilhert space norms 
on the two sides are equivalent. In particular, foru G Hq{Xq), we have 

\\x'''^Qu\\l2 < C\\u\\hi(Xo) 

for allQe Diff^g(X). 

For Neumann boundary conditions the quadratic form domain is H^{Xo), 
whose lift is not quite so simple in terms of the edge-smooth spaces. How- 
ever, we have the following lemma, which suffices for the edge-b propagation 
results below (with a slight loss). 

Lemma 5.28. We have Hls'^f'^^^''^{X) C H^{Xo) C Hlf^f''^'^''^{X), with 
all inclusions being continuous. 

'^We use the notation that a < 6 if there exists C > such that a < Ch. Usually a and 
b depend on various quantities, e.g. on u here, and C is understood to be independent of 
these quantities. 
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Proof. The first inclusion is an immediate consequence of (5.6) liolding for 
n G C, C as in Remark 5.9 (thus dense in H^''^^^'^^^^'^ {X) for all using 
again that elements of V{Xq) lift under /3 to span (and in particular lie in) 
x-'^VcsiX) as a C°°(X)-modulc by (3.13). 

For the second inclusion, we need to prove that ||^^i||L|(x) ^ C'II^IIhi(Xo) 
for A G Diffgg(X). As this is automatic for A G C°°{X), we are reduced to 
considering A G Ves(-'^^)- But (5.7) still holds for -u G C, so m'u||^2(x) ^ 
C||x~-^An||i2 < C||n||^^i(Xo) for A G Ves(-'^^)- This finishes the proof of the 
lemma. □ 

5.4. The wave operator as an element of a;~^ Diff^g ^(M). For / G C, 

in local coordinates, 

j 3 

Thus, the exterior derivative satisfies 

d G DiffJ,(M;C, ^"T*M), 

with C denoting the trivial bundle. As the dual Riemannian metric is of 
the form x~'^G, where G is a smooth fiber metric on ^T*X, and A = d*d, 
we deduce that □ G a;~^ Diff^g jj(M). However, we need a more precise 
description of □ for our commutator calculations. 

So suppose now that U is a, coordinate chart near a point q at dW with 
coordinates {x,y,z',z") centered at q, and recall from (2.2) that the Rie- 
mannian metric has the form 

(5.9) g = dx'^ + h{y, dy) + x'^k{x, y, z, dz) + xk'{x, y, z, dx, dy, x dz). 

By changing z" if necessary (while keeping x,y,z' fixed), cf. the argument 
of §2 leading to (5.10), we can arrange that the dual metric K of k have the 
form 
(5.10) 

k k f 

K(0,y,z)= 5] A:M,(0,y,z)C^C; + E ^ k3,,i0,y, z)C,C; 

i,j=l 1=1 j=k+l 

f 

+ k2,ij{0,y,z)C;C-, h\c = 0. 

i,j=k+l 

We deduce the following lemma: 

Lemma 5.29. Let U be a coordinate chart near a point with x = and 
z' = 0, and suppose that we have arranged that at 

C = {x = 0, z' = 0}, 

the vector spaces 

sp{dzl, i = 1, . . . , k} and sp{cZzJ, j = k + 1, . . . , f} 
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are orthogonal with respect to K. With Qi = x^^D^/, the wave operator 
satisfies 

(5.11) = Q>ijQj + Y.'^x-^^iQi + Q-x'^Ml) + x-^H on U 

i,j i 

with 

Kij e C^{M), Mi, Mi e Diff^b(M), H e BiSl^,{M) 

(^eh,l{Mi) =mi = (7eb,l(-H')> h = aeh,2{H), 

1 ^ 

(5.12) = m\c = o, m\w = -2 Yl ^s.yCj', 

j=k+l 

f 

i,j=k+l 

We next note microlocal elliptic regularity. 
Proposition 5.30. Let u e X = H^\M), and suppose that 

DueH-'^'-\M)=^ 
with Dirichlet or Neumann boundary conditions. Then 

WF™'>)c^^suwF-:ynn). 

In particular, if Hu = 0, then WF^'^(tt) C ^'^S. 

Proof. The proof goes along the same lines as Proposition 4.6 of [34] and 
Theorem 8.11 of [25]; we thus provide a sketch. An essential ingredient the 
top-order commutativity of Diff^g ^ ^'^^(M), which allows us to treat all 
commutators as error terms. The key estimate is stated in Lemma 5.31 
below. 

Given the lemma, one proceeds by an inductive argument, showing that if 
WF^~^/^'°(u) C ""^E U WF^~^/^'°(n«) (which is a priori known for s = 1/2, 
starting our inductive argument) then WFg^j°^('u) C *S U 'WF^^f^{Ou). In 
order to show this, one takes A G *gjJ'^^-^~^^'^^(M), with WF'{A) D ^^S = 0, 
WF'(^) n WF^^°2^(nu) = 0. uniformly bounded in *°{>°(M), 7 G (0, 1], 
with A^ e *eJ'°(M) for all 7, 

aebAo(A^) = (1 + 7(1^1' + \rf + \v\' + \C\')r\ 

so = AjA is uniformly bounded in *^''^^-'^~^^''^(M) and A^ ^ A 

in *^+'^''+(-^-^)/^(M) {S > fixed) as 7 ^ 0. One then concludes by 
Lemma 5.31 that for all e G (0, 1], 

\{dtAyU,dtA^u) - {dxA^u,dxAyu)\ < em7n||L,i_(y+i)/2 + Ce~\ 
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with C uniformly bounded, independent of 7. The microfocal ellipticity of 
the Dirichlet form, i.e. 

ll^7^llii,i-(/+i)/2,^^ < C'\{dtA^u,dtA^u) - {dxA^u,dxA^u)\, 

now gives that for sufficently small e G (0,1], e|| A^it||^i_i_(j._|_iy2^^^^ can 
be absorbed in (C")~^ll^-vii|P , 1 in/o , and then one concludes that 
||A-y'u||^i,i-(/+i)/2^^^ is uniformly bounded independent of 7. As A^ A 

strongly, one concludes by a standard argument Au G -ffes^ ^'^'^^^^^(M). 
Thus, x^+(-f-^y^Au G Ht\M), hence (as X = Hli{M)) 

ell(A)nWF:j^y^x) = 0, 

completing the iterative step. □ 

As mentioned above, the key ingredient in proving microfocal elliptic reg- 
ularity is the following lemma. 

Lemma 5.31. For Neumann boundary conditions, letX = Hli^^{M), 2) = 
ifcs^''^(M); for Dirichlet boundary conditions let X = hI^''q^{M), 2) = 
H~^''''\m). Let K C ^^5*M he compact, U C ^^5*M open, K C U. 
Suppose that A is a bounded family of ps.d.o's in ^^''^'■■'^^^^^^(M) with 
WF'{A) C K, such that for A € A, A e ^ij2~'^'^^^^~^^^^^ (M) (but the bounds 
for A in "^"^ necessarily uniform in A!). Then there 

exist G e *^"^/^'°(M), G G ^™'°(M) with WF' G, WF' G C U and Go > 
such that for e > 0, ^ G .4, 

uex, WF™;^'/''°(n) n C7 = 0, WF2%iDu) n C/ = ^ 
\{dtAu,dtAu) - {dxAu,dxAu)\ 
^^■^^^ < eP«||^i,i-(/+i)/2(^) + Co(||n|||+ IIGtzlll 

+ e-^\\au\\lf + e-^\\Gau\\lf). 

Remark 5.32. Recall that v G Hci^ ^■^^^^^'^ {M) is equivalent to dxu G 
L2(M), dtu G L2(M) and x'^i; G L2(M), so eP^xf on the 

right hand side of (5.13) is comparable to the terms {dtAu,dtAu) and 
{dxAu,dxAu). However, if A is supported away from '^^S, the Dirichlet 
form is microlocally elliptic, so this term can be absorbed into the left hand 
side, as was done in Proposition 5.30. 

The hypotheses in (5.13) assure that the other terms on the right hand 
side are finite, independent of 4 G ^. 

Proof. Again, this follows the argument as Lemma 4.2 and 4.4 of [34] and 
Lemma 8.8 and 8.9 of [25], so we only sketch the proof. We sketch the 
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Neumann argument; the Dirichlet case needs only simple changes. We have 

{dtu,dtA*Au) - {dxu,dxA*Au) = {nu,A*Au) 

for all w G X and A e *™"^''+(^"^^/2(M) since A*Au G Hh'^'^^~^\M), 

which is mapped by □ into Hcs^''^'^^^^\m) = {Hc/{M))*. Modulo com- 
mutator terms, one can rewrite the left hand side as 

{dtAu,dtAu) — {dxAu,dxAu), 

which is the left hand side of (5.13) . The commutator terms can be estimated 
by the second and third terms (which do not depend on e) on the right hand 
side of (5.13). The other terms on the right hand side arise by estimating 
(using that the dual of iJeV(M) is Hes^~^~^^^^\M)) 

\{nu,A*Au) \ < pnu||^_i,_i_(/+i)/2^j^^^ ll^^lli/eV-<^+''/'(M) 

and as a;"'^^'^'^^)/^^ is uniformly bounded in ^'^'^(M), with wave front set in 
K, ||x~'~^-^+^^/^yinti|||j can be estimated by a multiple of ||n'u|||^ + HGDwl 



cb 

|2 
I?) 

in view of Lemma 5.16. This completes the proof. □ 



The following is analogous to Lemma 7.1 of [34] and Lemma 9.8 of [25] and 
states that near Q the fiber derivatives x~^D^i of microlocalized solutions 
Au to the wave equation can be controlled by a small multiple of the time 
derivative, modulo error terms (note that G is lower order than A by 1/2). 
The theorem mentions a (5-neighborhood of a compact set K G Q (for S < 1); 
by this we mean the set of points of distance < S from K with respect to 
the distance induced by some Riemannian metric on *S'*Af. Note that the 
choice of the Riemannian metric is not important, and in particular, Q is 
defined by x = 0, = 0, 1 - h{y, fj) - - k{y, z, (' = 0, C") = 0, so the set 
given by 

X < C% \z'\ < C'5, |1 - h{y, f,) - f - fe(y, z, C' = 0, C")l < C'6, 

is contained in a C"(5-neighborhood of Q for some C" > 0, with C" indepen- 
dent of 5 (as long as C is bounded). 

Lemma 5.33. For Dirichlet or Neumann boundary conditions let X and 2) 
be as in Lemma 5.31. 

Let K <^Q. There exists 5q € (0, 1) and Cq > luith the following property. 

Let Q < 5 < 5q, and (5 > 0, and let U he a 5 -neighborhood of K in 
^^S*M. Suppose A is a bounded family of ps.d.o's in *^'''*"^-^"^^^'^^(M) with 
WF'(^) c U, such that for A e A, A e *^"^'^+^-''+^^/^(M). Then there 
exist G G *^"^/^'°(M), G e *^'°(M) with WF'G,WF'G C U and C = 
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C{6) > such that for A e A, 



^ ^ -IT, jT^m— 1/2,0 



{u)nu = 0, WF2%iau) nu = $ 



implies 



<Co5\\DtAuf + C{ 



+ 



\Gu\\\ + 



\Uu\ 



l + \\GUu\\l). 



Proof. This is an analogue of Lemma 7.1 of [34] and Lemma 9.8 of [25], 
so we only indicate the main idea. By Lemma 5.31 one has control of the 
Dirichlet form in terms of the second through fifth terms on the right hand 

2 



side, so it suffices to check that ^ 



-'^D,,Au 



can be controlled by the 



Dirichlet form and (5||Z)t^M||'^. This uses that K <^ Q , Dt is elliptic on '^'^S, 
and {HAu, Au) is small as WF'{A) C U ; see the aforementioned Lemma 7.1 
of [34] and Lemma 9.8 of [25] for details. □ 

Corollary 5.34. For Dirichlet or Neumann boundary conditions let X and 
2) be as in Lemma 5.31. Let K Q, S > 0. 

Then there exists a neighborhood U of K in ^^S*M with the following 
property. Suppose that A is a bounded family ofps.d.o's in 
with WF'(^) C U, such that for A e A, A € ^-"^ 



m-l,i+(/+l)/2 



there exist G & ^ 



m-l/2,0^ 
cb 



(M). Then 

(M), G G ^^'""(M) with WF'G,WF'G C U and 



C = C{5) > such that for A e A, 



u e X, WFl-i^^'' 



iu)nu = 0, WF2%{au) nu = 



implies 



\x ^D^iAu 
<S\\DtAuf + C( 



u 



+ 



|Gtt||| + Ipulll + 



IGDnlll) 



Proof. Fix a Riemannian metric on ^^S*M. Let (5o, Co be as in Lemma 5.33, 
and let S' = m.m{6o/2,6/Co). Applying Lemma 5.33 with d' in place of 6 
gives the desired conclusion, if we let i7 be a (5'-neighborhood of K. □ 

Recall now that C = {x = 0, z' = 0} denotes one boundary face of W in 
local coordinates, and that as a vector field on '^^T*M tangent to W (but 
not necessarily the other boundary faces), restricted to '^^T^M, is given 

by 



-2Hes = 



1 dK^i 



see (3.17)-(3.18). We can expand the K^^ terms by breaking them up into z' 
and z" components at C, using (5.10). This becomes particularly interesting 
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at a point q G '^^S which is the unique point in the preimage of p G ^''^SQMf^Q 
under tt^^^. At such points C, = 0, so many terms vanish. One thus obtains 

Pushing forward under ttJJ^Z^, we obtain 



Below, this appears as the vector field \t\Vo, and will give the direction of 
propagation at glancing points in Theorem 7.7. 

Lemma 5.35. Let Qi = x~^D^/, Kij, mi, h be as in Lemma 5.29. For 
A G ^2^iM), 

(5.14) z[a, A* A] = ^ QlLijQj + ^{x-^LiQi + Q*x-^L'^ + x'^Lo, 
with 

creb,2m-i{Lij) = 2aVija, where Vij = Kij{d^^ + 5^/ + 2d^) + Heb,Ki,-, 
(^eh,2m{Li) = (Teh,2m{L'i) = 2aVia, where 

(5.15) Vi = J2 '^ij^z'. + ^i'mid^ + Heb,mJ + ^m{d^ + 9q), 

j 

o-eb,2m+i(-^o) = 2aVoa, Vo = 2hd^ + H^^j^ + ^mj^^', 

i 

WF;b(L,,),WF;b(L,),WF;b(L^), WF;b(Lo) C WF;b(A). 
In particular, for f G C°°{'^^S*M) with f\^r = '^eh^ for some (f)e S*W, 

(5.16) Vijfl^ = 0, Vif\^ = 0, Vof\^ = 0. 

Moreover, as smooth vector fields tangent to ^^T^M (but not necessarily 
tangent to the other boundaries), 

(5.17) 

Vo\c = -2^xd, - 2ie + J2 ''2,ijCiCjn - 2C(r 5, + r,dr,) 



Vijlc = -h,ij{dc. + % + 29^) + ^{d,,^'h,ij)dQ, Vi\c = - ^ h^ijd. 



i 
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and 
(5.18) 

{\r\VoO\yi, = ~2Y,k2,iA0,y,z)CXj 

ij 

{\r\Vii)\^ = -J2h,ij{0,y,z)Cl {\r\Viji)\^ = -2h,ij{0,y, z), 

j 

{\Tr~^x-^-Vo{\T\^xn)\y, = -2(r + s)i {\Trx-^Vi{\T\^x^))\^ = 0, 
(|r|-^+^x-%-(|r|V'))|^ = 0, 

Remark 5.36. This is the main commutator computation that we use in the 
next section. We stated exphcitly the results we need. First, equation (5.16) 
shows that functions of the "slow variables" do not affect the commutator 
to leading order at W, hence they are negligible for all of our subsequent 
calculations. 

Next, (5.17) gives the form of the commutator explicitly at C; this is what 
we need for hyperbolic or glancing propagation within W, i.e. at points of 
TC, resp. Q away from radial points. These are sufficiently local that we only 
need the explicit calculation at C, rather than at all of W. 

Finally, (5.18) contains the results we need at radial points in Q: there 
the construction is rather global in W, so it would be insufficient to state 
these results at C only. On the other hand, localization in ( is accomplished 
by localizing in ^, the "slow variables" and the characteristic set, so fewer 
features of Vij, etc., are relevant. 

Proof. By Lemma 5.29, 

[D,A*A] =Y,{[QhA*A]KijQj + Q*Kij[Qj,A*A] + Q;[Kij,A*A]Qj) 

+ ^(x-^M^Qi, ^M] + [x-^Mi, A*A]Qi 

i 

+ [Qt, A*A\x-^Mi + Qt[x-^Mi A* A]) 

+ [x-^H, A* A] on U. 

The three terms on the first line of the right hand side are the only ones 
contributing to Ljj; in the case of the third term, via 

i<^eb,2m-l{[l^ij,A*A]) = Heb,KijO^ = 2aHeb,KijO, 

while in the case of the first two terms by evaluating the commutators using 
Lemma 5.7 and taking only the ^i-terms, with the notation of the lemma. 
The ^o-terms of the first two commutators on the first line of the right 
hand side (with the notation of Lemma 5.7) contribute to Lj or L^, as do 
the second and fourth terms on the second line and the Ai-term of the ffist 
and third terms on the second line. Finally, the expression on the third 
line, as well as the ^o-term of the first and third terms on the second line 
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contribute to Lq. We also use (4.2) to remove the weight from \'^f.h,x-^mi 
and H^^^_^_2^, e.g. x'^H^^^^_^-^ = -2hd^ + H^^ -^. 

The computation of the Hamilton vector fields at C then follows from 
Lemma 5.29 and (4.1) (recalling that t is one of the y- variables) . □ 

6. COISOTROPIC REGULARITY AND NON-FOCUSING 

In this section we recall from [25] the notion of coisotropic regularity 
and, dually, that of nonfocusing. We will be working microlocally near J-'^cg 
and in particular, away from the difficulties of the glancing rays in ^sing- 
Consequently all the results in this section have proofs identical to those in 
[25, Section 4], where the fiber Z is without boundary. 

Let /C be a compact set in TZ"^. By Lemma 3.25, there exists an open set 
U C '=^'S*M such that /C C C/ and Z7n C J^reg- RecaU from Corohary 3.24 
that in this case J^DU is a coisotropic submanifold of ^^S*M — recall from 
Footnote 7 that a submanifold of *^^S*M is defined to be coisotropic if the 
corresponding conic submanifold of ^^T*M \ o is coisotropic. 

In what follows, we let U be an arbitrary open subset of *S'*M satisfying 
U n C Treg, thus U Cl is a C°° embedded coisotropic submanifold of 
^^S*M; the foregoing remarks establish that such subsets are plentiful. 

Definition 6.1. Given U as above, let M. denote the module (over '^^^{M)) 
of operators A G (M) such that 

• WF' AcU, 

• ^Teb,l(^)l^.eg = 0. 

Let A be the algebra generated by M with = ^ n *g^°(M). 

As a consequence of coisotropy of J-^rcgi we have: 

Lemma 6.2. The module M. is closed under commutators, and is finitely 
generated, i.e., there exist finitely many Ai G ^^j^ with o"eb,i(^i)|:rreg = 
such that 

N 

M = {Ae ^1^{U) : 3Q, G ^1{U), A = ^Q,AJ. 

i=0 

Moreover we may take An to have symbol \t\~^ aeh,2,o{x'^^) o-nd Aq = Id. 
We thus also obtain 

(6.1) A^ = \ Y.Qa\[AT, Q.^^im 

[|a|<fc 1=1 

where a runs over multiindices a : {1, . . . — ^ No and \a.\ = ai + - • ■+aN. 

Definition 6.3. Let X be a Hilbert space on which '^^J^{M) acts, and let 
K C U. We say that^*^ u has coisotropic regularity of order k relative to X 



10 



Note that our choice of U containing K does not matter in the definition. 
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in K if there exists Q G i^), elliptic on K, such that 

A^Qu G X. 

We say that u satisfies the nonfocusing condition of degree k relative to 
X on K if there exists Q G "^^^{M), elliptic on K, such that 

Qu G A'^iX). 

We say that u is nonfocusing resp. coisotropic of degree k relative to X 
on an arbitrary open subset S" of ^ if for every open O C S with closure 
disjoint from J'-'sing, it is nonfocusing resp. coisotropic on O of degree k with 
respect to X. 

Remark 6.4. 

(1) u is coisotropic on K if and only if u is coisotropic at every p € K, 
i.e. on {p} for every p £ K. This can be seen by a partition of unity 
and a microlocal elliptic parametrix construction, as usual. 

(2) The conditions of coisotropic regularity and nonfocusing should be, 
loosely speaking, considered to be dual to one another; a precise 
statement to this effect appears in the proof of Theorem 9.4 below. 

(3) Coisotropy and nonfocusing arc only of interest on J^reg itself: off of 
this set, to be coisotropic of order k with respect to X means merely 
to be microlocally in H^^ ^ while to be nonfocusing means to be 

microlocally in H~^^. 

(4) Certainly, away from W, (T(n) vanishes on .T^reg, as the latter lies in 
the characteristic set S by definition. Splitting S into component 
according to the sign of r, and letting n± be pseudodifferential op- 
erators over M° microlocalizing near each of these components, we 
thus have 

□n± = Q±yi± + R 

with A± in M., Q± elliptic of order 1, and R smoothing. 

Prom Lemma 6.2, we obtain the following. 

Corollary 6.5. If u is coisotropic of order k on K relative to X then there 
exists U open, K C U such that for Q G ^'°{,°(M), WF'(Q) C U implies 
QA^'u G X for \a\ < k. 

Conversely, suppose U is open and for Q G "^^^{M), WF'((5) C U implies 
QA°'u G X for \a\ < k. Then for K G U, u is coisotropic of order k on K 
relative to X. 

Proof. Suppose first that u is coisotropic of order k on K relative to X. By 
definition, there exists Q elliptic on K such that A^Qu C X. Let U be 
such that Q is elliptic on U, K C U, and let S G ^g^°(M) be a microlocal 
parametrix for Q, so WF'{R) fl C7 = where R = SQ- Id. 
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We prove the corollary by induction, with the case k = being immediate 
as one can write Qu = QSQu + QRu, QS G '^^^{M) is bounded on X, 
Qu eX,QRe ^~^'^{M) (for they have disjoint WF'), so QRu G X. 

Suppose now that k > 1, and the claim has been proved for k — 1. By 
Lemma A.l, applied with Qn = Q (i.e. there is no need for the subscript n, 
or for uniformity), 

|^|<|a|-l 

Thus, for \a\ = k, 

QA'^u = QSQA'^ + QRA'^u 

and 

QSQA'' = QSA'^Q - ^ QSCpA^ 

l/3|<|a|-l 

together with the induction hypothesis (due to which and to QSCp G 
*eb (^) with WF' {QSCfj) C U, QSCpAf^u G X) and QR G *7~'°(M) 
imply QA°'u G X, providing the inductive step. 

The proof of the converse statement is similar. □ 

We now set 

S) = Llil X Xo) 

where / is a compact interval. We additionally introduce another Hilbert 
space X C S^, given by Hq{I x Xq) or H^{I x Xq) with / an interval and the 
denoting vanishing at / x OXq. Note that Id +A : X ^ X* is an isometry. 
Suppose K is compact. For A'' > + r we let 2) if denote the subspace of 

2) if = {u G X* : WF^^*(ti) C K, u is coisotropic of order k w.r.t. 

Hb,x* on K}. 

Let 

= {</> G X : u is coisotropic of order k w.r.t. H^^ ^ on K}. 

Lemma 6.6. Suppose that K C O, K compact, O open with compact clo- 
sure, and Q G *°(M) such that WF'(Id-Q) n if = 0, WF'(Q) c O. Let 

(6.2) 2) = G X* : rjv(Id -Q)u G X*, |a| < A: ^ TrA'^Qu G X*} 
and 

(6.3) 3 = {ueX: |a| < fc ^ TrA'^Qu G X} 
Then 

2)if C 2) C 2)^. 

and 

3k C 3 C 3o- 
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Proof. If n e ^K, then WF^^^,{u) C K implies that TNild-Q)u £ X*. 
Moreover, since u is coisotropic on K, it is coisotropic on a neighborhood 
O' of K; we construct Q' G *0(M) with WF Q' C O', WF(Id -Q') n if = 0. 
Then 

TrA^Qu = TrA'^Q'Qu + T^^"(Id -Q')Qu, 

and the first term is in X* by coisotropy of u on O' while the latter is in X* 
by the wavefront condition on u. 

On the other hand, if « G 2), we have Tat (Id -Q)u G X* hence WF^^* (it)n 
ell(Id— Q) = 0, so in particular, WF^^^^u) C O'', since Id— Q must be 
elliptic on O'^. It remains, given p G O, to check coisotropic regularity at p. 
If p G ell(Id— Q), it again follows from the wavefront set condition, hence 
it suffices to consider p G ellQ D [ell(Id — Q)]'^; at such points coisotropic 
regularity follows from T^A^'Qu G X* . 

The proof for 3 works analogously. □ 

Corollary 6.7. Suppose K = HjOj, Oj open with compact closure, Oj+i C 
Oj. Let^j, 3j be given by (6.2), (6.3) where Qj satisfies WF' (Id— Qj)riK = 
0, WF'(Q,) C O. Then = n,-2),-, 3k = Dj^K- 

In particular, o,nd 3k become Frechet spaces when equipped with the 
2)j, 3j norms. 

Remark 6.8. It is easy to see that the Frechet topology is independent of 
the choice of the particular Oj. 

Proof. The fact that 2)i^ C C^j^j follows from Lemma 6.6. For the reverse 
inequality, note that u G n2)j C nQ)^- has WFb,^* (u) C ciO] = K. On 
the other hand, as u G 2)i, |q;| < A; A'^Qiu G X and Qi is elliptic on K. 

Thus, u e^K- 

The same holds for 3_R'- D 
We now note the following functional-analytic facts: 
Lemma 6.9. Let Q be as above, and again let 

(6.4) ^r} = {ueX* : TN(ld-Q)u G X*, |a| < A; ^ TrA'^Qu G X*}, 
and 

3 = {u G X : |a| < A; ^ T^A^Qu G X} 
Then the dual of 2) with respect to the space Sj ( see Appendix A) is 

^T)* = {u: u = VQ + TN{ld-Q)vi + ^ T^A^Quc, vq,vi,Vo, G X}, 

\a\<k 

and the dual of 3 with respect to is 

y = {u: U = Vq+^ TrA°'QVa, Vo,Va G X*}, 
\a\<k 
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Proof. First consider the dual of 3 with respect to i5- We apply the dis- 
cussion of Appendix A leading to (A. 7). More precisely, with the notation 
of the Appendix, we take S) = L'^{I x Xq), and X = H^{I x Xq), resp. 
X = Hq{I X Xq), as set out earlier. We also let V = C^{I x Xq), resp. 
D = (/ X Xq) (with the dot indicating infinite order vanishing at / x OXq). 
We define the operators Bfc in (A. 6) as follows: we take S^, k = 1, . . . ,N , 
to be a collection of C°° vector fields on Xq which span V{X) over C°°(X), 
-Bq = Id, and define the j£-norm on T) by 

N 

(6.5) \\u\\\=\\BQu\\l + Y,\\Bku\\% 

k=l 

cf. (A. 4); then X is the completion of T). Then we take the collection of Aj 
in defining the space 2) in Appendix A, with the norm (A. 3), to be Tj-A^Q, 
\a\ < k. Then our claim about 3* follows from (A. 7) and (A.l), taking 
into account that the principal symbol of the conjugate a pseudo-differential 
operator by complex conjugation is the complex conjugate of the principal 
symbol of the original operator, so its vanishing on JT^gg is unaffected. 

We now consider the dual of 2); with 2) given by (6.4). As Id -|-A : X — j£* 
is an isomorphism, the norm on X* is given by 

TV 

ll^llx* = ||(Id+A)-iu||x = \\Bk{ld+A)-\\\l, 

k=0 

with Bk as in (6.5), we are again in the setting leading to (A. 7) with X in the 
Appendix given by our X*, the in the Appendix given by Bk{ld+A)~^, 
the space 2) in the Appendix being our space 2) in (6.4), and the Aj in the 
appendix given by T/v(Id— Q) and T^-A'^Q, \a.\ < k. Then our claim about 
2)* follows from (A.7) and (A.l). □ 

Now let 

2)k = {u e Tjv(X) : u is nonfocusing of order k w.r.t. on K}, 

= {n G X* : u is nonfocusing of order k w.r.t. H^^^ on K}. 
Lemma 6.10. Define 2), 3 «s above. Then 

C 2)* C 

and ^ ^ 

3k C 3* C 3o- 

The proof follows that of Lemma 6.6 closely, using the characterization 
of 2)* and 3* from Lemma 6.9. 

We remark that away from PF, we may always (locally) conjugate by an 
FIO to a convenient normal form: being coisotropic, locally T can be put in a 
model form = by a symplectomorphism $ in some canonical coordinates 
{y,z,r),Q, see [10, Theorem 21.2.4] (for coisotropic submanifolds one has 
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k = n — l, dim S = 2n, in the theorem). We may moreover arrange the (z, Q 
coordinates (i.e. apply a further symplectomorphism) so that a{n)o^ = q(i 
for some symbol q elliptic in a small open set. We now quantize $ to a FIO 
T, elliptic on some small neighborhood of a w; G ^reg) which can be arranged 
to have the following properties: 

• TD = QD^^T + R where Q G *^(M°) is elliptic near ^{w) and R is 
a smoothing operator. 

• u has coisotropic regularity of order k (near w) with respect to 
if and only if D"Tu G whenever |a| < k. 

• u \s nonfocusing of order k (near w) with respect to if and only 

ifr«GEH<fc^?^''- 
Let G G ^~^{M°) be a parametrix for Q. As a consequence of the above 
observation, Dit = / implies that D^^Tu — GTf G C°° microlocally near 
^{w), and if / is coisotropic of order k relative to H^~^, then D'^GTf G 
for |a| < /c (with an analogoTis statement for non- focusing) hence we have 
now sketched the proof of the following: 

Proposition 6.11. Suppose u is a distribution on M° , Dm = /. If f is 
coisotropic of order k, resp. nonfocusing of order k, with respect to H^~^ 
then the coisotropic regularity of order k, resp. non-focusing regularity of 
order k, with respect to H'^ , is invariant under the Hamilton flow over M° . 

In particular, for a solution to the wave equation, coisotropic regularity 
of order k with respect to and nonfocusing of order k with respect to 
are invariant under the Hamilton flow over M°. 

(We remark that one could certainly give an alternative proof of this 
proposition by positive commutator arguments similar to, but much easier 
than, those used for propagation of edge regularity in the following section.) 

Corollary 6.12. Suppose that f is coisotropic, resp. non-focusing, of order 

k relative to H""'^^ , supported in t > T. Let u be the unique solution of 
□ti = / with Dirichlet or Neumann boundary conditions, supported in t > 
T. Then u is coisotropic, resp. non- focusing, of order k relative to H"^ at 
p G S*M° provided every^^ GBB 7 with 7(0) = p has the property that there 
exists sq such that t{'y{so)) < T, and for s G [0,so] (or s G [so,0], if sq < 0), 
7(s) G S*M°. 

The analogous statements hold if f is supported in t < T, and u is the 
unique solution of On = f supported int <T, provided we replace t{'y{so)) < 
T by t(7(so)) > T. 

Proof. This is an immediate consequence of Proposition 6.11, taking into 
account that u is coisotropic, resp. non-focusing, in t < T, by virtue of 
vanishing there. □ 



The restriction of this GBB to [0, so], if so > 0, or [so,0] if so < 0, is unique under 
these assumptions. 
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If K C M° is compact, then there is 5 > such that if p G S^M° and 7 
is a GBB with 7(0) = p, then for s G {—S, S), 7(5) G M°. As s is equivalent 
to t as a parameter along GBB , we deduce the following result. 

Corollary 6.13. Suppose K C M° is compact. Suppose that f is co- 
isotropic, resp. non-focusing, of order k relative to H"^^^ , supported in 
t > T. Let u be the unique solution of Du = / with Dirichlet or Neu- 
mann boundary conditions, supported in t > T. Then there exists 60 > 
such that u is coisotropic, resp. non-focusing, of order k relative to at 
peS*j,M° ift{p)<T + 6o. 

Of course, what happens to coisotropic regularity and nonfocusing when 
bicharacteristics reach W is of considerable interest, and will be discussed 
below. 

7. Edge propagation 

This section contains a series of theorems that will enable us to track 
propagation of regularity into and back out of the edge. They are as follows: 

• Theorem 7.1, which governs propagation of regularity into and out of 
the interior or W as well as the microlocal propagation of coisotropic 
regularity there (i.e. iterated regularity under application of opera- 
tors in A). 

• Theorem 7.3, which governs propagation of regularity into W along 
glancing rays, tangent to one or more of the boundary faces meeting 
at M X y (in the blown-down picture). 

• Theorem 7.6, which governs the propagation of edge regularity at 
non-radial hyperbolic points at the boundary of the edge W. 

• Theorem 7.7, which governs the propagation of edge regularity at 
glancing points at the boundary of the edge W . 

These theorems will then be assembled (together with the propagation over 
the interior of the edge, which we may simply quote from [25]) to yield the 
propagation of coisotropic regularity into and out of the edge in Theorem 8.1, 
and this result is the key ingredient in proving the "geometric" improvement 
in regularity on the diffracted wave. 

7.1. Radial points in the interior of the edge. The following theorem 
enables us to track edge wavefront set entering and leaving the edge at radial 
points over its interior. 

Theorem 7.1 (Propagation at radial points in the interior of the edge). 

(See [25, Theorem 11. 1]^ Let u G Hli{M) solve Dn = with Dirichlet or 

Neumann boundary conditions. 

(1) Letm> 1 + f/2. Given a G nw,h, and p G ^^^cb.aj' if {^i,p\dM) n 
WF"^ An = 0, for all AeA'' then p ^ WFe™-'' Bu for all I' < I and 
all B G A''. 
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(2) Let m < I + f /2. Given a G 'Hw,h, P G "^eb a O' '^f ^ neighborhood U 
ofp in ^S*\dMM is such that WF^"^'^ {Au)nU C dJ^o for all AeA'' 
then p ^ WFe'"''(Su) for all Be A''. 

This theorem is hterahy the same theorem as [25, Theorem 11.1] as we 
are restricting our attention to the interior of tlie fibers, hence the presence 
of a fiber boundary in our setting is irrelevant. We thus refer the reader to 
[25] for the proof. 

Remark 7.2. In fact, we could take u G Hes°°'\M) here, but the restriction 
on regularity will be necessary in later theorems to maintain the boundary 
condition at the side faces z'- = 0, and we prefer to keep a uniform hypothesis. 
The boundary conditions are irrelevant here; again, they are stated for the 
sake of uniformization. 

7.2. Propagation into radial points over the boundary of the edge. 

We now turn to the question of propagation into the edge at glancing points, 
i.e. at points over the boundary of the fibers of M. Note that the hypotheses 
of this theorem are global in the boundary of the fiber: we do not attempt 
to distinguish different points in the fiber boundary. 

Theorem 7.3 (Propagation into radial points over the boundary of the 
edge). Let u E X = H^\M) solve Ou = with Dirichlet or Neumann 

boundary conditions (see Definition 5.20). 

Let m > I + f /2 — 1 with m > 0, I' < 0. Suppose that q G Hw,h o,nd there 
exists a neighborhood U of 

T^eb,q,I n ^^S*^M = TZeh,q,I H G 

in *5*M such that {x > 0}ni7nWF™'*^« = 0. Then ^'°S*^MnWF2^'^u = 
for all I' <0. 

Proof. Choose local coordinates on W, and let q = {yo,to,fo G {ibl},?7o) G 
Hw,h- Choose ^0 such that = 1 — h{y, rjo) with sgn^o = sgnro (this is the 
incoming point). 

One of the central issues in proving the theorem is to construct a symbol 
that is localized in the hypothesis region that is sufficiently close to being 
flow- invariant. To begin, we will need a localizer in the fiber variables. Fix 
any K ^ W° and fix a small number ex > 0. Let 

T:^5^(M)n{|C|/|i|<M-^ 

be locally defined by 



sgn| 



T{q') = ^;(exp^^^ SooHes), Sqo = ~ arctan 



where q' G '^^5^(M) has "edge-smooth" coordinates (t, y, z, r, ^, rj, () (we are 
using the canonical identification of ^S*M with ^^S*M away from dM\W). 
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This map is well-defined provided ex is chosen sufficiently small (so that the 
flow stays away from dW) . The map simply takes a point over the boundary 
to its limit point in the fiber variables along the forward bicharacteristic flow, 
hence on W , we certainly have T*(Hes) = 0. 

We now employ T to create a localizer away from dW. Fix 

K" dU' ^ K' CU d K CW° 

with K" ^ K' , K compact and U' , U open such that 

C(a)/|(a)| < ex imply Tx(a) eW\K', 

(2) a G "^3*1^,^ and C{a)/l{a) < ex imply Txia) e U' . 



[l] a G "'5^\[;M and 



Now let X £ be equal to on W\K' and 1 on U' . For ex sufficiently 

small, x°'^ K vanishes on '^^S'^x^jjM , hence can be extended as to ^^S*j^^jjM 
to define a function. Thus, this extension of x o Tj^ is well defined and 
smooth on 

{|C/|| <eK,x< ek} U ^S*^^^M C ^S*M- 
it equals on the fibers over W\U and 1 on those over K" . But 

{ C/l <e'K,x< e'x} U '''S*^^^M C { C/i < eK, x < e^} U ^^5^. 



w\u 

, since \z'A are all bounded 



for > sufficiently small as on Q/^ 

away from there. Due to the vanishing near dW , we can equivalently 
regard this extension of x o T k as a C°° function p on the following subset 
of the edge-b cospliere bundle: 

{C/l <e^, x<e^}U^X>''^- 



w\u 



The resulting function satisfies 



(7.1) Hes(p) = 0{x) on { C/l < e'x, x < 4} U ^'^5^. .,M. 



and 

(7.2) 



p = on -^^St^^^M. 



It is convenient to extend p to all of ^^S*M by defining it to be an arbitrary 
fixed positive constant, say 1, where it is not previously defined. Note 
that by (7.2), when we need to calculate derivatives of /? in a commutator 
calcTilation, we may always assTime that we are away from dW , hence use 
the edge-calculus Hamilton vector field result. 
Now consider the function 



\fi-m +\y-yo\ +p +\t-to\ . 

(Note that keeping w, |^ — ^o| and x sufficiently small on Seb automatically 
means that C, is small as well.) 
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We now identify some appropriate neighborhoods in which to locahze. 
First, choose eo, ei < 1 such that 

|C|2 < eo, ^ < ei, < €1, le - Cop < ei ^ |C/|| < 6^2. 
Second, choose €2 < €1 such that 



Seb n {X < £2} n {o; < 62} H {|| - < ^2} C {|CP < |}. 

Let 



^ = {x < 62} n {a; < £2} n {|C - Cop < 62} n {|Cp < |}. 

Next, given 5 > 0, which will depend on let C/ = [/^ be as in Corol- 
lary 5.34. Finally, given any /? > (to be specified below) we will choose 
e = e(/3, 5) so that 

(7.3) e,e(l + /3) <e2, 
and so that 

K, = {x<e,u< e(l + /?), \i - < e, |Cp < eo} C = t/^. 

(Note that d K hy (7.3).) 

Let G C^([0,e)), e C^([0,eo)), identically 1 on [0,eo/2], V'l e 
C^([0, e)), identically 1 on [0, e/2], ip G C^((— oo,e)), all non-increasing, 

a = a, = Ir^x-Xo; - ^x)V'i(|C - io?)mM\C?) 

Thus, 

X < e, w < e(l + /3), |C - CoP < e, ICP < eo on suppa^. 

We usually suppress the e-dependence of a below in our notation. Equa- 
tion (7.3) ensures that e(l + /3) < 1 on suppa, so p < 1, and thus (7.1) 
holds. We have also arranged that 

C/C < e'i^/2 on suppa 

and that V-'o(ICP) = 1 on supp('0(i^ — /3x)(/)(x)^i(|C — CoP)) H Scb- This latter 
observation means that we need never consider derivatives falling on the ■0o 
term when computing the action of the Hamilton vector field on a. (The 
cutoff '00(0 is therefore not necessary for correct localization of a, as that is 
achieved by the cutoffs in oj, ^ and x if we restrict our attention to Sgb; rather 
this is necessary to make a a symbol, which it would not be if independent 

of CO 

We quantize a to ^ G ^'^{^(M), i.e. take any A with (7eb,s(^) = By 
Lemma 5.35, 

(7.4) i[U, A* A] = QiLijQj + J2(^~'^iQi + Qi^'^L'^ + ^'^Lo, 
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with 

(7.5) (Teh,2s-i{Lij) = ^aVija, (Teb,2s(-^i) = "^aVitt, creb,2s+i(^o) = 2aVoa, 

WF;b(i:^,-), WF^JL,), WF;b(LD, WF;b(i:o) C WF^J^), 

with Vij, Vi and Vq smooth vector fields tangent on ^^T*M tangent to W 
and such that for / G C'^{^^S*M) with f\y^, = w*^(f) for some </> G 

(7.6) Vijfl^ = 0, y^/l^ = 0, Fo/I^ = 0. 

In view of Corollary 5.34, we are led to regard the Lij and terms as negli- 
gible, provided that their principal symbol is bounded by a constant multiple 
of aeh,s+i{Lo) times the appropriate power of |r| (to arrange homogeneity 
of the same degree). Also by Lemma 5.35, 

(7.7) 

i\r\VoO\^ = -2j2k2,ij{0,y,z)Cl'Cj 



i\r\Vd)\^ = -Y,kz,ij{Q.y.z)Cl {\r\Viii)\w = -2h,iji0,y, z), 



3 

(|r|-'-ix-Vo(|rr'x^'))|^ = -2(r' + s% {W' x-^' V,{\t\^' x^' ))\^ = 0, 

In particular, with s' = 0, r' = 1, |T|~^Foa^ = ~2^a:, while ViX,VijX are 
0{x^). 

In computing Va for various homogeneous degree /x — 1 vector fields V 
on ^^T*M, we will employ the following arrangement of terms: 

+ \T\'x-'M\c?)<i>{x)M\i - - Miy^ - pvx) 

+ Ir^x-Xu; - i3x)M\Cf)M\i ' iof)V{4>{x)) 

+ \T\'x-'i;{u - Px)M\C\'')mV{M\i - 61')) 

+ Ir^x-Xa; - Px)cf>(x)M\i - Co|')^(^o(|Cl'))- 

As \t\-^Vox = -2ix while \t\-'^Vqui = xf for some / G C'^{''^S*X), and 
1^1 is bounded below on K (which is a compact subset of ^^S*M), it follows 
that there exists /? > such that —{sgnTo)\T\~^ {Vqoj — (3Vox) > x on K, and 
thus 

(7.8) -(sgnro)|r|-^(yo^ - (3Vox) = xcl 

for some smooth positive function C2 defined on K, hence on a neighborhood 
of suppa in ^''^S*M. Moreover, 

voM\i-io?) = -4(e- wi(il-eoi')i;fc2,i,(o,y,^)cfc;- 
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Similar computations hold for the Vi and Vij terms, with result shown below 
in (7.9). 

We start by discussing the terms in (7.4)-(7.5) in which the vector fields 
Vo, Vi, Vij differentiate V'ldl — loP)- These terms altogether have the form 

(7.9) J2 Qi^ij,iQj + + Q*x-^L'i i) + x-^Lo,!, where 

aeh,2s-i{Lij,i)\w = -(sgnro)aiA;i,y(0,y, z), 

j 

creb,2s+i(^0,i)lvK = -(sgnro)ai ^ k2,ij{0, y, z)C-Cj, 

ij 

with ai = 8a(sgnro)(| - io)\rfx-'-i;{u; - Px)M\C\^)HxMi - lo|')- 

On K n supp ip'idS, — ^oP) n '^^T,, C — Co has sign — sgn^o = — sgnro, so 
(sgnro)(C — Co) < there. Thus, noting that the right hand side on the last 
line is a square for x sufficiently small in view of ^[ < when (sgnro) (Co ~ 
C) > 0, it has the form 

(7.10) (- sgnTo)d*zX'^C^Cox-^dz + Eq + E'^ + Fq, 

Co e K^'^^'^-iM), Eo,E', G BiSl^^ll-'''^''\M) 

(^eb,s-i/2(Co) = ^^^((sgnro)(Co - i))4>{x)ax J , 
WF;b(£;^,) n ^^S = 0, WF;b(^o) C {x > 0} n suppa, 
Fo G Diff2^,„*^.-2,2.+2^^^^ WF^J^;^), WF^b(Fo) C suppa, 

where R is the Heaviside step function (recall that = near the origin, 
and < 0) and ^ G C^([0, £2)) is identically 1 near and has sufficiently 
small support. 

Next, the terms in (7.4)-(7.5) in which the vector fields Vq, Fj, Vij differ- 
entiate 'ip{io — Px) have the form 

J2 Q*Lij,2Qj + ^{x~^Li^2Qi + Q*x~^L'i 2) + x'^Lo^2, where 

<^eh,s-l{Lij,2) = alfij^2, 0'eb,s(-^i,2) = (^eb,s{^i,2) = '=12/1,2, 

(7eb,s+i(^o,2) = -(sgnTo)a|c|, C2 as in (7.8) 
4 = -2xa\T\'+'x-'^'{u, - f3x)M\C\^)Hx)M\i - Col'), 
with fij^2, fi,2 smooth. Moreover, terms in (7.4)-(7.5) in which the vector 
fields Vo,Vi,Vij differentiate V'o(ICP) have wave front set disjoint from ^^S as 
already discussed, while the terms in which these vector fields differentiate 
(p{x) are supported in suppafl {x > 0}, where we will assume the absence 
of WFg^^* u (the weight is indicated by an asterisk as we are away from 
X = 0, so it is irrelevant). 
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Finally, the terms in (7.4)-(7.5) in which the vector fields Vq, Vi, Vij 
differentiate Irl^x"^ have the form 

X] Qi^ij,3Qj + '^{x'^Li^sQi + QiX'^L'i s) + x"2Lo,2, where 

(Tcb,s+i{Lo's) = -a^(sgnTo)|r|2(s - r)c§, 

where c§|^|, = 4(sgnro)| > 0. 

Finally, recall that terms with ijjo derivatives are supported in the elliptic 
set of □. 

We are now ready to piece together the above information to compute 
the commutator [0,^*^4] . First we choose a family of operators convenient 
for adjusting orders: pick 

n e <b°(M), aeb,.(T,) = |rr near K. 

Thus, Tjy are simply weights, for \t\'^ is elliptic of order on a neighborhood 
of ^. 

Adding all the terms computed above, and rearranging them as needed, 
noting the top order commutativity in eb-order of Diff^g j "if^^^M), we finally 
deduce that 

-z(sgnro)[n,AM] 

=Al{C^x-^C2 + J2ix-'Fi,2Qi + Q*x-^Fl^) + QtFij,2Qj)A2 

i ij 

(7.11) + A*T*/,{Cl2{s - r)x-^C3 + Y^i^-^ ^i^^Qi + Q^'^Ks) 

i 

ij 

+ d*zX-^C^Cox-^dz + E + E' + R" 

with 

(1) A2 e *^+'/'''-'/'(M), aeb,.+i/2(^2) = a2, WF^JAs) C suppa 

(2) C2,Cs e *,Y(M); F\,2,Fl^^,F\,s,Fl3 G ^nd F,,-2,F,,-3 G 

(3) On K, aeb,o(C2) / and aeb,o(C3) = (sgnro)! 7^ 0, 

(4) Co G ^l^ '^^'^'\M), WF'^^iCo) C suppa, 

(5) E,E'GDml^^^ll-'''^+\M), 

(6) R" G Diff^^ J ^^b"^'^''+^(M) (i.e. is lower order), WF'^^{R") C suppa, 

(7) WFgb C {.X > 0} n suppa (our hypothesis region), 

(8) WF;,b F' n *S = 0, WF^bC-S') C suppa. 

When we pair both sides of this equation (suitably regularized) with a solu- 
tion to the wave equation the terms E, E' and R" will be controlled respec- 
tively by the hypothesis on u in x > 0, microlocal elliptic regularity, and 
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an inductive hypothesis in the iterative argument in which we improve the 
order by 1/2 (or less) in each step. The remaining terms on the right hand 
side are either positive, or involve Qi, and the latter terms arc controlled by 
the former, by Corollary 5.34. Thus, save for the need to mollify to make 
sure that we can actually apply this commutator to u and pair it with u, 
and also be able to rewrite the commutator as the difference of products, 
this would give our positive commutator result, controlling ||x^^Ti/2C'3^^i||- 
We do, however, need to mollify. Let a > (typically we take a = 1/2, 
always a G (0, 1/2]) G "S'^iM) for 7 > 0, such that {A-^ : 7 G (0, 1]} 
is a bounded family in ^'°^(M), and A-y — > Id as 7 J, in ^1^{M), for 
all e > 0. Let the principal symbol of A^, considered a bounded family in 
^ojM),be(l+7|r|2)-<^/2 on a neighborhood of K . Let = A-j,^. We now 
have e '^'l^'^"' (M) for 7 > 0, and A^ is uniformly bounded in *gj^^(M), 
^-y ^ ^ in *g,^*^'''(M). Moreover, 

(7.12) i[n, A*A^] = A*i[D, A*A]A^ + A*i[n, A;A^]A + R, 
with R uniformly bounded in Diff^^^^ *2s-2,2r+2^^^ 

ence lower order). 

Now, for a vector field V on ^^T*M, 

V{1 + 7|r|2)--/2 = -(cj/2)7(l + 7|rp)— /2-iy|r|2. 

Applying this, the general formula (7.4)-(7.5) with A^ in place of A and 
(7.7) with r' = 0, s' = 2, we deduce that 

-(sgnro)A^p,A;A^]^ 



(7.13) 



+ J2 QtFijAQj) Ti/2A^A^A + i?;, 

ij ' 



with G ^2'^{M), Fi^4,Fl^ G ^'^J'°(M), A^ uniformly bounded in 

*gjj°(M) with principal symbol 

c7eb(A^) = (7|r|2(l + 7|r|2)-i)^/2<l, 

C3 G ^-eb (^) and T1/2 G *^^^'°(M) as in (7.11) and R'^ uniformly bounded 
in Diffgg j[ ^'g^~^'^'^^^(Af ), hence lower order. Note that this commutator has 
the opposite sign from (7.11), which limits our ability to regularize. However, 
as long as cr' — cr > 0, we can write 

2(T'ld-2(7A;A^ = B*B^ 
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with uniformly bounded in "^^^{M). Thus, if s — r > a, taking a' such 
that a < a' < s — r, we deduce that 

-tisgnTo)[a,A*A^] 

=AlJc*^x-^C2 + ^(x-iFi,2riQiT_i + T_iQ*Tix-'Fl^) 

^ i 

+ J2T-iQ*QjFi,,2T,)A2,^ 

ij ' 
i 

+ ^ T-iQ*QjFij,bT\ j 

ij 

+ ^7-^ 1/2^3 -D7-D7^3-t 1/2-^7 

+ d*zX-^h*^C^CQK^x-^dz + E., + E'^ + i?;', 

with the terms as in (7.11), in particular Fij^5,Flj^ as i^ij,3, etc., there, and 
^2,7 = ^2^7, etc. Here we rewrote the terms in (7.11) somewhat, inserting 
Ti and r_i in places (recall that TiT^i differs from Id by an element of 
^~^'^{M) on K, and this difference can be absorbed in R'^) in order to be 
able to use Corollary 5.34 directly below. Applying both sides of (7.14) to 
u and pairing with u, we claim we may integrate by parts for any 7 > on 
the right hand side of the resulting expression to obtain 

(7.15) 

-z(sgn To) ( [□, A^Ay]u, u) 

=\\x-^C2A2,^uf + 2{s-r- aOllx-^CsTi/aA^'uf 
+ ^{QjFij,2TiA2,^u, QiTl^A2,^u) 

ij 

+ Y,({QiT-iA2,-yU,x-'T;F*2A2,^u) + {x-'TiFl^A2,-yU, QiT^iA2,^u)] 

i ^ ' 
-rY,{kQ(F-{F^l2A^u,x-^TlFl{r^l2A^u) 



+ {x-^TiFl^Ti/2A^u,QiT^iTi/2A^u) 
+ '^{QjTiFij^5Ti/2A^u, QiTl^Ti/2A^u) 

+ \\B^C3Ti/2Auf + WCoA^x-^dzuf + {{E^ + E'^ + R")u,u), 
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and that we may similarly expand the left side by using 

(7.16) ([□, A*^A^]u, u) = {A*^A.,u, Uu) - (Dn, 

so that pairing with a solution to the wave equation yields identically zero. 

We begin by justifying these two integrations by parts, after which we 
will read off the consequences. We start with the Dirichlet case. Note that 
the L^-dual of 2) = hIIq{M) is H~s'^~^^'^^\m) (where as usual the x-^+i 
factor derives from the difference between the metric density used in the 
pairing and the "edge-density" used to define the norm on H'^q{M)). We 
have 

x-^Diff^^ j(M) 9 □ : 2) ^ H-^^^-'^{M) = a;2'+(-^+i)-2(2))*. 

Here we suppressed the quotient map p : H^^'''~^{M) — > H^^'^~^{M), i.e. 
the stated mapping property is, strictly speaking, for p o □. Furthermore, 
the dual of H^l;^{M) is 

Equation (7.16) makes sense directly and naively for 7 > if the products 
of □ with A*A^ G *^^-^'''^^(M) map i?eb'J(M) to its dual, H'^'g^l^M). 
We thus require 

which holds if 

s — a < s' 

(7.17) 

^ ' r<r' + Z + (/ + l)/2-l. 

Following the same line of reasoning shows that if we are willing to settle 
for just (7.15), by contrast, we only require the milder hypotheses 

s-a < s' + 1/2, 

(7.18) 

^ ' r </ + / + (/ + l)/2-l. 

In fact, we claim that (7.18) suffices for both (7.15) and (7.16), with the 
latter being obtained via the following subtler regularization. 

This is best done by replacing u in the second slot of the pairing by a 
separate factor K^m, where A-^ is constructed just as A^, but with the greater 
degree of regularization a = 1. Thus we have a replaced the lost half of an 
edge derivative (on each factor) which obtains from assuming (7.18) instead 
of (7.17) and may again integrate by parts to obtain, for 7,7' > 0, 

^'^'"'"^^ = {A*A^u, Ay D-u) + {A*A^u, [□, Ay]n) - {Uu, A*A^k^iu) 

Now, A-y' — Id strongly (but not in norm) on i?g^'^(M) and on -ffg^'^* for all 
s' , r'; this takes care of the first and third terms. Furthermore, [□, — 
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strongly (but not in norm) as a map from H^y;'''^{M) to ^'^^^-i,, {M). 

Thus, letting 7' ^ shows (7.16) just under the assumption s — a< s' + l/2, 
r < r' - 1 + / + (/ + l)/2. 

The Neumann case is completely analogous, except that then L^-dual of 

X = Hli{M) is H~^~^~^^^^\m). We have 



-2 



DifF^^ JM)3U:X^ H'^'^-^iM) = x'^^+^f+^^-^ X* . 



Furthermore, the dual of H^^^^{M) is 

The rest of the argument proceeds unchanged. 

Having justified our integrations by parts, we now show that we can ab- 
sorb the Qj-terms in (7.15) in the positive terms (uniformly as 7 | 0) by 
using Corollary 5.34. Thus, given S > 0, let U be as in Corollary 5.34; for 
sufficiently small e > 0, suppa C U. For instance, by Cauchy-Schwarz, 

\{QjFij^2TiA2,jU,QiTl^A2,^u)\ < \\QiTl^A2,juf + \\QjFij^2TiA2,juf 
< S{\\DtTliA2,^uf + \\DtFij,2TiA2,^uf) 



+ r(||n||J^l,,+l/2_(^+l)/2^^^ + ||G^i||^l,.+l/2-(/+l)/2(^^;, 



where G G ^'^^^ ^'°(M). The the \\Gu\\'^^j^^^_^_j^/2-{f+i)/2^j^^ term can be esti- 
mated as {RjU, u) since 

(7.20) ||G'u||^i,,,+i/2_(/+i)/2^j^^^ = \\x ^'^^^^t^MG'u||^2(jv/;AM)' 

and (x-''+^/2^mG)*(x-''+^/2^mG) G Diff^^ *^^~^'^''+^(M), hence in fact a 
little better than R'!^, which has weight 2r -|- 2. Now, for Fo > sufficiently 
large, depending on K but not on e > (as long as e satisfies (7.3) and 
suppo C i.e. e > is sufficiently small), we have 

O'eb,0,l(A-?^ij,2Ti) < roO'eb,0,l(a^~^C'2) 

on a neighborhood of K. Thus, 

\\DtFij^2TiA2,^u\\^ 

< 2rolk-^C2^2,7wf 

with G' e ^1~'^''^{M) (so the last term behaves like (7.20)). Thus, if we 
choose 6 > such that 8/- o^^<^ < Ij the first term (for all i,j) can be ab- 
sorbed in ||x~^C2^2,7it|p5 while the last two terms are estimated as {R'^u, u). 
Essentially identical arguments deal with all the other terms with Qj and 
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Qj . In the case where Qi is present on one side of the pairing only, we write, 
for instance, 

\{Q^{r_iA2,^u,x-^T*Fl^A2,^u)\ 

< 6-^/^\\QiT_iA2,^uf + 5^/^\\x-^T^F*2A2,^uf. 

Using CoroUary 5.34 on the first term, we have an estimate as above after 
possibly reducing S > 0. 

Recall that uniform finitcness of ||a;~-^C3ri/2^7w|| as 7 J, will give ab- 
sence of WFg^^^'''"^"*--'^'^"'^-'^^ n n ell A (as always the contribution to the 
weight of (/ + l)/2 comes from the metric weight while I comes from the 
weight in the definition of the base space, X) . Similarly evaluating the other 
terms in the pairing, we take the extreme values of s',r' allowed by (7.18) 
to obtain 

WF:b,f « n WF' A = 0, 

and wF^-'3/'''^+'-'-(-^+')/' u n WFM n {x > 0} = 0, 
and s > r + a, a e {0, 1/2] 
=^ WF^-f ''■+^-'-(^+^)/^ n ell A = 0, 



(7.21) 



or, relabeling, 

WFeG" n WF' A = 0, WFl^^/ u n WF' A n {a; > 0} = 0, 

(7.22) s > r + / + //2 - 1, 

=^ WF^+5"txnellA = 0. 

Recall here that a = a^, and 

(7.23) < e < e' ^ WF'{A,) n ^'^S C ell A,/ n ^'^S. 

Finally, we show how to use (7.22) iteratively, together with an interpo- 
lation argument, to finish the proof of the theorem. A priori we have u G X, 
i.e. 

WF°b%n = 0, 

If > i + //2 — 1, we may iteratively apply (7.22) (shrinking e > by an 
arbitrarily small amount, using (7.23) to estimate the lower order error terms 
R") starting with s = and always keeping r = 0, to obtain the conclusion 
of the theorem. (We choose a = 1/2 at every stage in this process, until we 
are applying (7.22) with s such that s + 1/2 > m, at which point we finish 
the iteration by choosing cr = m — s so as to retain our estimates on the 
wavefront set in the hypothesis region.) 

However if < / + //2 — 1, we may not apply (7.22) directly owing to the 
lack of positivity of the commutator, and we must employ an interpolation 
argument as follows. Applying (7.22) iteratively, this time with r = vq < 
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chosen sufficiently negative that we recover 0>ro + / + //2 — 1, shows that 
we obtain 

(7.24) WF^^uDS = 

with S = WF' for some e > 0, constructed as above. Let 

L = sup{r' : WF^'^^u n 5 = 0, r' < 0}. 

Note that the set on the right hand side is non-empty by (7.24). We aim to 
show that L = 0. To this end, note that if L < 0, then for any r' < L 

WF^^3^u n s = WF°{,°^ns = 0. 

An interpolation then yields, for 5 G (0, 1), 

Note that for any S G (0, 1) fixed, the compactness of S implies that for 
some e' > e, 

still holds. If 5 G (0, 1) in addition satisfies 

(7.25) mS>r'6 + l + f/2-l 

then by iterating (7.22), shrinking e' in each step (but keeping it larger than 
e), we conclude that 

WF^'ytxnS = 0, 
providing a contradiction with the definition of L if 

(7.26) r'S > L. 

It remains to check whether S G (0, 1) satisfying both (7.25) and (7.26) 
exists. This is evident from Figure 5, but a proof is as follows: wc have 
I + //2 — l>Oby assumption (otherwise we are in the preceding case); 
moreover m > (so that the theorem is not vacuous), and Z + //2— l<m 
by hypothesis. Thus, for any r' < 0, 



Setting 



„ / + //2-1 m 

< — — — < < 1. 



we see that (7.25) is an equality with 5 = 6o{r) and that taking 6 G {So{r'), 1) 
yields (7.25). In particular, (7.25) is satisfied hy 5 = 6{r', A) = (5o(r')(l + A) 
for any A > sufficiently small. If L < 0, we have So{L) < 1, hence the 
function of r' and A given by 

r'5{r',X) = r'6o{r'){l + X) 

is strictly greater than L for r' = L, X = 0. Hence increasing A slightly and 
decreasing r' slightly preserves this relationship by continuity, and these 
choice of r' and S yield r'S > L as desired. 
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' s = r + l + f/2-l 

(0,0) (m,0) 
*K 7^ • 

s 

► • 

/ {mkr'8) im,r'S) 



(m, r') 



Figure 5. The interpolation argument. The figure shows 
the (s, r) plane, where we plot the values for which with 
have absence of WF^''^(ti) (i.e. microlocal regularity of this 
order holds). We have a priori regularity of order (0,0) and 
wish to conclude regularity of order (m, /') with I' < 0. By 
(7.22) we may take a step to the right of length a for any 
a G (0,1/2] provided that our starting regularity is below 
the line s = r + l + f/2 — 1 and that our endpoint is on 
s < m. If we know (m, r') regularity, we know regularity by 
interpolation on the whole line connecting this point to the 
origin; then starting on the interpolation line just below its 
intersection with s = r + l + f/2 — 1 allows us to achieve 
{■m,r'S) regularity by moving to the right, thus improving 
the optimal weight for which we have our estimate. 

□ 

In order to verify the hypotheses of Theorem 7.3, which are stated at 
points over the edge, we will employ the following geometric result. 

First note that if g G 'Hw,h then 7^cb,g,7 has a neig hborhood Oi in ''^S*M 
and there is a (^o > such that any GBB 7 with 7(0) G Oi n {x > 0} 
satisfies 7|[_5q q] ^^S^Mq = 0. Indeed, we simply need to take a coordinate 
neighborhood 

Oi = {p G ^bS*M : iip) < -Vl-%)/2, x{p) < ei, \y{p) - y{q)\ < ei, 
\t{p)-t{q)\<ei, |^(p)-^^g)| <ei}. 
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ei > sufficiently small, since on its intersection with {x > 0} (where S*M 
is naturally identified with ^S*Mo), < 0, hence Lemma 3.5 gives the 

desired 6q (cf. the argument of Remark 3.17). Thus, such GBB 7 can be 
uniquely lifted to curves 7 in *^^5*M. 

Lemma 7.4. Suppose that q G 'Hw,h- There exists eo > with the following 
property. 

Suppose that < ei < eo, and U is a neighborhood of ^j^gs^^g H {t = 
t{q) — ei}. Then there is a neighborhood O ofTlch,q,i^G in*^^S*M such that 
for every (maximally extended) backward GBB 7 with 7(0) G O D {x > 0} 
there is an sq < such that 7(59) G U, 7(5) ^ ^S^Mq for s G [sqjO]- 

Proof. It follows from the discussion preceeding the statement of the lemma 
that there is a neighborhood Oi of Tleb,q,i and 5o > such that every GBB 
7 defined on [-^o, 0], with 7(0) G Oi n {x > 0} satisfies 7(5) ^ ^S^Mq for 
s G [-So,0]. As t(7(s)) - ^(7(0)) = 2f'^(7(0))s, this implies that there is an 
eo > such that for t(7(s)) G [t{q) - €o,t{q)], 7(5) ^ ""S^Mo. 

Suppose now for the sake of contradiction that there is no neighborhood O 
of ■7^cb,q,/ n g m ^S'W such that for every (maximally extended) backward 
GBB 7 with 7(0) G O n {x > 0}, there exists so < with 7(50) G U. 
As Tleh,q,i n ^ is compact, we conclude that there is a sequence of points 
Pn € Oi C ^^S*M with x{pn) > (so pn Can be regarded as a point in 
^S*Mo) and GBB 7„ such that 

• 7n(0) =Pn, 

• the image of 7^ disjoint from U, 

• Pn^pe 7^eb,q,J H Q. 

By Corollary 3.18, {7™} has a subsequence {'Jn^} converging uniformly to 
a GBB 7 such that the hft 7 of 7 to ''^S*M satisfies 7(0) = p. Thus, by 
Lemma 3.13, 7 is not normally incident, so the image of 7 is in and 
thus intersects J^"]^ sing*^ = ei}- As 7^^. 7 uniformly, for large enough k, 
intersects U, providing a contradiction. Thus, there exists O such that 
for every (maximally extended) backward GBB 7 with 7(0) G O H {x > 0}, 
there exists so < with 7(^0) G U. We may assume that O C Oi by 
replacing O by O fl Oi if needed. 

To finish the proof, we note that, provided eg > is sufficiently small, if 
7(0) G O C Oi, t(7(s)) G [t{q) - €o,t{q)] implies 7(5) ^ ''S^Mo. □ 

Theorem 7.3 and this lemma immediately give the following Corollary. 

Corollary 7.5. Let u G X = Hli{M) solve Dtx = with Dirichlet or 
Neumann boundary conditions. 

Let m > I + f /2 — 1 with m > 0, I' < 0. Suppose that q G 'Hw^.b o.i^'d 
^Yn .in. n WF"^'* u = 0. Then ^""Sl-M n WF"^,''' u = for all I' < 0. 

l,q,snig eo,X Q\Y eb,X 

Proof. Let eo > be as in Lemma 7.4. As WF^'*^u is closed, ^]^_singn{i = 
*(?) ~ £0/2} has a neighborhood U disjoint from WF^'^^n. By Lemma 7.4, 
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T^eh,q,i n Q has a neighborhood O such that every backward GBB 7 with 
7(0) G O n > 0} intersects U and is disjoint from ^S'^Mq. By the 
propagation of singularities, [34], WF^'*^(7i) n O n {x > 0} = WF^;^(ti) n 
O n {x > 0} = 0. Note that this uses the fact that every backward GBB 7 
with 7(0) G O n {x > 0} intersects U and is disjoint from ^S^Mq, for we do 
not assume that u hes in a b-derivative of X as we allow arbitrary weights 
at W. Thus, by Theorem 7.3, ^^S*^M n WF^'^^u = for aU Z' < 0. □ 

7.3. Propagation at hyperbolic points within the edge. Now we con- 
sider propagation within ^S'^M, away from the radial points. The propa- 
gation away from dW is given by the results in [25]: on the edge cosphere 
bundle over W° , we find that WFcb^ = WFcb.x^* (with, say, X = Hli{M), 
for Dirichlet boundary conditions, X = H^^q[M) for Neumann boundary 

conditions — though this is irrelevant since we are working away from dW) 

given by is a union of integral curves of Hes|es5*. Mj given by (3.18), i.e. 

w 

1 . . ... .... 1 . . 

where, as before, hats denote variables divided by |r|, hence coordinates in 

the edge-smooth cosphere bundle (which over W° is canonically identified 
with the edge cotangent bundle). This leaves open only the question of how 
bicharacteristics reaching z' = interact with those leaving z' = 0, i.e. the 
problem of reflection/diffraction from the boundary faces and corners of Z. 
Since the propagation over the interior of W can be considered as a special 
case of propagation at ^ \ T^eb (see Theorem 7.7, with no z' variables, i.e. 
with A; = in the notation of the theorem), we do not state the interior 
propagation result of [25] here explicitly. 

Let us thus begin by considering a hyperbolic point q ^ Ti. given by 

(7.27) x = 0, t = to, y = yo, z' = 0, z" = 4, | = io, fj = m, C' = 0, Co , 

in edge-b canonical coordinates. Thus, in addition to C' = 0, we have 

1 > f + Kvo, m) + k{yo, z' = 0, 4, c' = 0, c^). 

In the special case that z' is a variable in M^, i.e. if q lies on a codimension- 
one boundary face of eb, then two points in '^^S*^{M) lie above q and two 

edge bicharacteristics in ^^S*^^{M) contain q in their closures; we denote 
them 7± with the ± given by sgn{(^' ■ z'); we will take 7± to be only the 
segments of these bicharacteristics in [z'l < e <C 1 in order not to enter into 
global considerations. Our sign convention is such that 7-1- tends toward q 
under the forward resp. backward bicharacteristic flow. What we will show 
in this case is that if u E X = Hli{M) and Du = with Dirichlet or 
Neumann boundary conditions then 

7_ n WF^'^^ u = ^ 7+ n WF^'°3£ u = for any m. 
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More generally, we have the following result, which via standard geometric 
arguments (see [24]) implies the propagation along EGBB's through p : 

Theorem 7.6. For Neumann boundary conditions, let X = Hli{M), 2) = 

Hes^'^ '^{M); for Dirichlet boundary conditions let X = hI^''q{M), 2) = 

Let u £ X solve [Ju = f , / G 2). Let p £ 7i be given by (7.27). Let U be 
an open neighborhood of p in *5*j^(M) let m G M, ^' < 0, and suppose that 

WF^+^'''(/)nC/ = 0. Then 

Thus, the hypothesis region of the theorem, in which we make a wavefront 
assumption lies within the points with at least one z'^ non-zero, i.e. away from 
^^S^M, where C = {x = 0, z' = 0}, and with momenta directed toward 
the boundary z' = 0. 

Proof. As usual, one needs to prove that if in addition to the hypotheses 
above p ^ WF^^^J/^'^V) then p ^ WF^''^(u), with a slightly more con- 
trolled (but standard) version if m = oo. So we assume p ^ WF^"^^^'' (u) 
from now on. 

For a constant /3 to be determined later, let 

(7.28) cP = ^C'i + Pu; 

where 



2 



C" - C^' +\y - yof+\t - tof+x^+\f] - m\+ 



2 



Then for /3 sufficiently small, we have 

Now let xo £ C°°(IR) with support in [0, oo) and Xo(s) = exp(— 1/s) for 
s > 0. Thus, Xo(s) = s"^xo(s). Take xi G C°°(R) to have support in [0,oo), 
to be equal to 1 on [1, oo) and to have x'l > with x'l € C^((0) 1))- Finally, 
let X2 G C^(I^) be supported in [— 2ci, 2ci] and be identically equal to 1 on 
[-ci, ci]. Pick (5 < 1. Set 

a = \T\'x-^xom^ - HS))xi{Y^ i/^ + l)X2(|Cf )■ 

Note that on the support of a, we have 

(7.29) ECi>-<^' 
hence we also obtain 

(7.30) 0<a;<2-. 

P 

Thus, by keeping 5 and 5/ j3 both small, we can keep the support of a within 
any desired neighborhood of = 0, a; = 0. 
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We now quantize a to A G ^'gj^'^(M). We claim that 

(7.31) i[D,A*A] 

+ A*WA + R!' + E + E' 

where 

(1) B G ^'^+^/^'''+\m) has symbol 

(2) Cij G ^~^'^{M), and the symbol- valued quadratic form a(Cij) is 
strictly positive definite on a neighborhood of WF^j^ B, 

(3) R,Ri,RlR^j are in ^1\m), *;J'°(M), *;J'°(M), and 
respectively and have (unweighted) symbols bounded by multiples 

of V6i^+l/VP)- 

(4) R" G Diff2^_„^;,2,0(^)^ ^ Diff,\^^;J'°(M), 

(5) is microsupported where we have assumed regularity, 

(6) W eBiSi^^^;^''\M), 

(7) E' is supported off the characteristic set. 

These terms arise as follows. Applying Lemma 5.35, we have (with Qj = 

(7.32) i[D, A* A] = J2 QtLijQj + J^i^'^^iQi + Q*x-'L'^ + ^-^Lq, 
with 

L., G ^ltr''''\M), U,U, e ' -(M), Lo G ^^^+'''^(M), 
0-eb,2m-l(^ii) = 2aVija, Vij = Hij{di^'. + 5g + 25^) + Heb,«i,-, 
(^eh,2miLi) = creb,2m(-^i) = "^aVitt, 

(7.33) = /^u^z' + ^("ij^c + Heb,mi) + imid^ + %)> 
o-eb,2m-i-i(-^^o) = 2aVba, Vb = 2/1^5 + H^^ + ^ mjS^/, 

i 

WF;b(i:^,-), WF^JL,), WF;b(i:D, WF^b(^o) C WF^J^). 
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with 
(7.34) 

Vo\c = -2^ xd, - 2{e + Yl ^2,iiCf C;)5? - dr + V dr,) 

Vij\c = -ki,ij{dQ + d^>. + 2d^) + Yid,'^'ki,ij)dQ', Vi\c = - ^1 

First we evaluate the terms in Lij coming from terms in which Vij hits 
Xo(M(l — ^/(5)). The main contribution will be from the derivatives falling 
on with the rest controlled by shrinking (3; in particular, 

ViM/^) = -2A;i,ij + Tij 

with 

\rij\ < const (/3v^ + V^); 
on the support of a, this is in turn controlled by a multiple of 

Thus, from these two terms, we obtain corresponding terms in A* A] of 
the forms 

and 

respectively. 

Similarly, terms with Vi and Vq hitting xo go into the Ri and Ro terms 
in (7.31) respectively. 
The terms arising from 

are supported on the hypothesis region, < 0}, hence give commutator 

terms of the form x~'^E above. 
The terms arising from 

^.(X2(|Cf)) 

lie off of the characteristic set, hence give commutator terms of the form 
x~'^E' above. 

The term arising from differentiating |r|*x~'' gives the commutator term 
A*WA. 

As we are interested in edge-b wavefront set, the term D*,CijD^i is slightly 
inconvenient, but we note that owing to strict positivity of Cij we may 
replace it by a multiple of A^'/x'^ plus another positive term. Rewriting 
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A^i jx^ = {Az'/x'^ + □) — □, and noting that the first of these terms is in 
x"^ DifFg^,(M) and elUptic on the hyperboUc set, we see that we in fact have 

(7.35) t[A*A, □] = R"'n + B*{C*C + Dl,CijD,> + Ro 

+ Dl,X + RiD^, +A*WA + Y, Dl,RijD,,)B + R" + E + E' 

where Cij G ^'^^^(M) is a positive matrix of operators (this is a priori true 
only at the symbohc level, but we may absorb lower-order terms in Rij). 
Following [34], we find that for any F > 0, 

(7.36) \{Row,w)\ < CiV6)i^/p + l/^/p)\\wf + F-^\\R'ow\f + F\\wf, 

where Rq € has the same microsupport as Rq, and is one order lower. 
Here we have employed boundcdncss of "^^!^{M), or more specifically, 
the square-root argument used to prove it (cf. [34] for details, specifically 
the treatment following (6.18)). By the same token, we can estimate 



(7.37) (^RiD,^.w, < C{V~5){^ + 1/v^) ( 



+ \\w\\ 



+ 2F\\wf + F-^ 



RiD^iw 



where Ri G ^^^'^{M) has the same microsupport as and is one order 
lower. We also compute 

(7.38) 



FtijD^iw, D^i w 



+ 2F 



< 







2 




( 




+ 





+ 



T-iD^/w 



+ F 



-1 



RijD^iw 



+ 2r||«;| 

2 



+ F 



-1 



R-,D-.w\ 



where Rij , R^^ G "^J^ (M) have the same microsupport as Rij , and are one 
order lower. Although the argument is identical to that in [34], [25], we 
reproduce the derivation of (7.38) for the convenience of the reader; (7.36) 
and (7.37) follow by similar (easier) arguments. To begin, we note that 
T*Rij G -^'^{M) has symbol bounded by C{^/S){^/p + l/^/P), hence by the 
Hormander square-root argument 

(7.39) WT^Rijuf < C{VS){^/P + l/^)\\uf + \\Rijuj^ 

with Rii as described above. Now write D^'W = TiT^iD^iw — FD^iw; this 
permits us to expand 

' RijD,,w,D,rw) = (T^RijD,,w,T^iD,,w) - (RijD,,w,FD,,w). 
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The first term on the right may be controlled, using (7.39) and Cauchy- 
Schwarz, by the RHS of (7.38); the second term may also be so estimated 

by again applying Cauchy-Schwarz and absorbing 



FD^iw 



2 

into a term 



with appropriately enlarged i?^^. 
Now we turn to making our commutator argument. Let -u be a solution 
to 

Bu = f 

with Dirichlet or Neumann boundary conditions. Choose G ^^^(M) 
converging to the identity as 7 | as in §7.2. Note that by making A-y G 
"I'^^(M), we arc combining the roles of the regularizer A-y G '^~^{M) in 
§7.2, required for obtaining an improvement over the a priori assumptions, 
and the regularizer Ay used to justify the pairing argument, see (7.19). Let 
= AjA with A constructed as above. As before, we have 

(7.40) zp, A*A^] = A;zp, A*A]A^ + A*i[n, A^A^jA + R, 

with R uniformly bounded in Diffgg ^ \l'g^^^'^'^^^(M) (hence lower order), and 
where 

p,A;A,]GDiff^,,„*;J'2(M) 

is uniformly bounded, and in fact 

p,A*,A^] =A*W^A^., 

with W^. uniformly bounded in Diff^^ jj *;j^^'^(Af), cf. (7.13). 

Now we pair A*A^ with u. Letting = BA^, provided integrations by 
parts can be justified, we have 

(7.41) (A^Ou, A^u) - {A.,, A^Uu) 

= {i[A*A^,a]u,u) = WCB^uf + ^(^CijD^',ByU,D^:B^u 
+ {RqB^u, B^u) + ^ (d^iB^u, RiB^uj + (^R'iB^u, D^,B 
+ ^ /D^, RijB^u, D^,B^u\ + {W^A^u, A^u) + {{R" + + E'^ 



7 



where is uniformly bounded in Diff^g ^ '^~^''^{M) and comprises both the 
W term from above and the term containing [□, A* A^]. The integrations by 
parts may by justified, for any 7 > 0, if 

(7.42) WF^^'J^ u n WF' A = 

whenever 



s-l<s', r<l' + l + 



2 



since then the products of □ with A*Aj map H^^^{M) to its dual (as 



/ 7/ 

required in the Neumann setting), as well as mapping H^^fQ{M), 2) 



i7ggQ(M), to its dual (as required in the Dirichlet setting). We take s' 
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m — 1/2, hence s = m + 1/2, and r = I' + 1 + ^^^-^ — 1 here, and note that it 
suffices to have the microfocal assumptions (7.42) rather than global assump- 
tions in view the microlocality of ^'^j^M), sec Lemma 5.15 and Lemma 5.16. 

We now examine the terms on the RHS. The first two are positive. To the 
third, we apply (7.36), with w = B^u: if 5, 5/ j3, and F are sufficiently small, 
we may absorb the first and third terms on the RHS of (7.36) in HCS-yujl, 
while the lower-order second is uniformly bounded by our wavefront as- 
sumptions. Likewise, applying (7.37) and (7.38), we may choose r,S,(3 so 
as to absorb terms involving F and {^/6){^/P + l/\/^) in ||x~^Ci?-y?x|| ; 
the F ^ terms, as they are lower order, remain bounded. Moreover, as 
Xq(s) = s'~'^e~^/^ for s > and vanishes for s < 0, 

M2(1 - (l>/6f x'o{M{l - 4>/5)) = xo(M(1 - 0/<5)). 



Thus, 



I |l/2 -1 

\t\ ' X a 



xi(^Cj/5 + i)x2(|C?) 

as (f) > J2 C'i ^ ~^ '^^ suppa. We deduce that ||ri/2a^~''^^7^t|| can be esti- 
mated by 4M-'^/^(5^/^||C5^'u|| plus lower order terms, and hence, for M chosen 

1 1 2 

sufficently small, wc may absorb the W-y term in ||Ci?-yu|| . 
Finally we consider the LHS of (7.41). We have 

(7.43) 

\{A^\I\u, A^u)\ < ||(T_i/2)*x^^nu|| \\Ti/2X~'^Ayu\\ + \ {xA^\I\u,x^'^FA^u\\ 
< Fi^\\{T_:^/2TxA^Duf + Fi\\Ti/2X~'^A^uf + \{xA^au,x~'^FA^u\\ 

r--l 



with F G (X), hence x ^FA^ uniformly bounded in (M), 



xA^ uniformly bounded in (M), so as s = m -|- 1/2, and r = I' + I + 

^^^y^ — 1, the last term is uniformly bounded by the a priori assumptions. 
Similarly, ||(r_i/2)*a^^7n'w|| is uniformly bounded, as {T~^/'^)*xA-y is uni- 
formly bounded in ^'^^ ^^^''^^^(M), while ||ri/2ic~^^7^f|P can be absorbed in 
IICB^ull^ (for Fi sufficiently small) as discussed above. 
The net result is that 

\\x-^CBu^ 



remains uniformly bounded as 7 J, 0. Noting that CB^ CB strongly (cf. 

the proof of Lemma A. 3), CB € ^'*j]'^^^'^'''^(M) is elliptic at q, s = m + 1/2, 

and r = I' + I + ^'^^^^ — 1, X = i7es'(M), we can complete the proof in the 
standard manner. □ 
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7.4. Propagation at glancing points within the edge. Let q G G\J^eh 
be given by 

x = 0, t = to, y = yo, z' = 0, z" = 4', i = r) = m, C' = 0, C" = Co • 
AsqeG, 

+ ^(yo, ^o) + Hv, z, C' = 0, Co ) = 1- 

Asq^ 7^eb, 

lo + Hyo,vo) < 1, 

so Co 7^ 0) ^■^d h{yo,rjo) < 1, so n7eb(g) G 'Hw,h- We will let 11 locally denote 
the coordinate projection onto the variables 

Let W be a homogeneous vector field equal to Vq (from (5.17)) at q, and 
extended in local coordinates to a constant vector field in {C,z",C"). 

Theorem 7.7. For Neumann boundary conditions, let X = Hcs\m), 2) = 
ijes^''~^(M); for Dirichlet boundary conditions let X = H^q{M), 2) = 

h-^'^-\m). 

Let u & X solve Ou = f , / G 2). Let q G GYR-eh be as above, and suppose 
that meR,l'<0, and q ^ ^F^li^'if)- 

There exists Sq > and Cq > such that for all S G (0, Sq) and (3 G 
(^^0^,1), 

(7.44) 

{q' G Seb, \U{q')-U{q)-S\N\ < 6(3 and \z'{q')\ < Sp ^ q' ^ ^Kh'x^) 

Proof. Below we will choose (5o > sufficiently small so that WF^"^'' (/) is 
disjoint from a (5o-neighborhood of q (see the discussion before Lemma 5.33). 

Let k be the codimcnsion of the face over which q lies. Let P2n-2k be the 
degree-zero homogeneous function with 

with h as in Lemma 5.29; note that P2n-2k{(l) = by (3.22) and dp2n-2k{(l) 7^ 
since at least one of the dC,'l_^^{q), . . . ,d(^'j{q) components of dp2n-2fc(<?) is 
non-zero, in view of the quadratic nature of r^(l — p2n-2k) i^i the fibers of 
the cotangent bundle and (3.22) and Co 7^ as observed above. We remark 
that, with Vb as in (5.17), 

VoP2n-2k\w — 0- 

Note that '''°S*M has dimension 2(n + 1) - 1 = 2n + 1, thus, with C = {x = 
0,z' = 0},gn ""^S^M has dimension 2n + 1 - 2A; - 2 = 2n - 2fc - 1 in view 
of (3.22). We proceed by remarking that by (5.16), 

(Wx)|^ = 0, (Wy,)|^ = 0, m\^ = 0, i\Nfjj)\^ = 0, 
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SO t, Uj, fij give l + 2(n — / — 1) = 2(n — /) — 1 homogeneous degree 
zero functions on ^^T*M (or equivalently C°° functions on ^^S*M) whose 
restrictions to QCi'^^SqM have hnearly independent differentials at q. We let 
P2, ■ ■ ■ ,P2n-2f be given by these functions, and let pi = x. We next remark 
that, in the notation of (5.10), 

We(g) = -2k2{x = 0, yo, z' = 0, 4), C^O < 

as Co / 0, hence W((;) / 0. Further, we let pj, j = 2n — 2/ + 1, . . . , 2n — 
2k — 1, be degree-zero homogeneous functions on ^^T*M (or equivalently 
C°° functions on '^^S*M) such that d{p2\g), ■ ■ ■ , d{p2n-2k-i\g) have linearly 
independent differentials at q, and such that 

\Np,{q) = 0. 

Such functions pj exist as ^ fl '^^SqM has dimension 2n + 1 — 2k — 2 = 
2n — 2A; — 1, so the 2n — 2/ — 1 functions p2,..., P2n-2f can be complemented 
by some functions p2n-2f+i, ■ ■ P2n-2k-\ to obtain 2n — 2A; — 1 functions 
whose pullbacks to Q r\ ^^S^M have linearly independent differentials and 
which are annihilated by W at q, for the space of such one-forms is 2n — 
2A; — 2 dimensional. Thus, by dimensional considerations (using \N{q) ^ 0), 
{dpj\g{q) : j = 2, . . . ,2n — 2k — 1} spans the space of one-forms on Q 
annihilated by W(g), and dp2, ■ ■ ■ ,dp2n-2k-i together with d{^\g — ^o) span 
T*g. Let 

2n-2fc-l 
,7 = 1 

1/2 

then keeping in mind that |x| < uJq , and with Vq, Vi, Vij as in (5.17), 

\t\-^\voujo\ < v^(v^+ie-eoi + k'i), 

\ViUJo\ < y^X < UJo, \T\\VijiOQ\ < y^, 

by (5.17) and (5.15). Note also that 

\rnVo\zf\<\zW\+x) 

\Vi\zf\<\z'\, \r\\Vij\z'\^\<\z'\\ 
Let (J = Wo + \z'\'^. Then 
(7.45) 

|T|"^|Vot^| < Vu;(Va; + 1^ - ^o|), \ViUj\<y/uj, \T\\Viju;\ < ^/uj. 
Let 

By (5.18), 

\\rrVoi + 2Y,k2di'C'J\^^<^'^^ 
(7.46) ij 

\Vii\<{\z'\ + x)<uy', |r||F,,||<L 
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In particular, as (q 7^ 0, 

\r\-'Voi<-co + Cy/\ 

for some cq > 0, C( > 0. 
Set 

a = \T\'x-^xom2 - m)xM - io + S)/PS + l)x2(|Cf )■ 

We always assume for this argument that /3 < 1, so on suppa we have 

(/) < 2(5 and I - |o > -pS - S > -26. 

Since a; > 0, the first of these inequalities implies that — .^o < 26, so on 
suppa 

(7.47) |C'-|o|<2<5. 
Hence, 

(7.48) u < (iH{26 - (I - Io)) < 4,52/?2. 
Moreover, on suppdxi, 

(7.49) I _ Io e [_5 _ (36, -6\ , a; V2 < 2(36, 

so this region lies in the hypothesis region of (7.44) after (3 and 6 are both 
replaced by appropriate constant multiples. 

We now quantize a to A G ^^^{M). By Lemma 5.35, 

(7.50) i[U, A* A] = QtLijQj + ^(x-^L^Qi + Q*x-^L',) + x'^Lo, 
with 

(7 51) ^eh,2s-i{Lij) = 2aVija, 

o'eh,2s{Li) = aeh,2s{L'j) = 2aVia, crcb,2s+i(-^^o) = 2aVoa, 
WF^b(L,,),WF;b(L,), WF^JLO, WF;JLo) C WF^J^), 

with Vij, Vi and Vq as above, given by (5.17). Thus, we obtain 

(7.52) zp,^M] 

= B*{C*C + J2 DlfijD,'. + Y.^RiD,> + Dl,R[) + ^ Dl,RijD,>)B 

+ A*WA + R" + E + E' 

where 

(1) B G ^1^^^^'''^\m) has symbol 



(2) C G ^g^°(M), has strictly positive symbol on a neighborhood of 



WF^b B, given by (-Fq^)^/^ near WF^^ B, 



(3) G *gjf'°(M), (Qj) positive semidefinite, 
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(4) Ri,R[,Rij are in %^'\M), *;J'°(M), and %^'\M) respectively 
and have (unweighted) symbols r^, r[, rij with 

(7.53) |T||ri|,|r||r,'|,|r|2|ri,-| < 1//?, 

(5) W eB\Si^^-^^-\M), 

(6) R" G m^ii^^^-^'\M), E,E' G Diff,\j ^;J'°(M), 

(7) £^ is microsupported where we have assumed regularity, 

(8) E' is supported off the characteristic set. 

These terms arise as follows. By (7.45), (7.46), (7.47), and (7.49), 

<-co + Ciu'/' + -^Cfa;V2(^i/2 + || _ 
< -co + 2{C[ + C';){6 + ^)< -co/4 < 0. 

provided that S < jqj^cF+c^^ 7 ^ i6(C]^+a^ ) ^ -^^^ ^j^^^ ^ g^^g^jj^ ^-^^ p/S is 
not too small — roughly, f3 can go to at most as a multiple of 5 (with an 
appropriate constant) as — > 0. Recall also that /3 < 1, so there is an upper 
bound as well for /3, but this is of no significance as we let S ^ 0. Thus, 
we define C to have principal symbol equal to the product of (— Vq^)^''^ 
times a cutoff function identically 1 in a neighborhood of supp a, but with 
sufficiently small support so that — Vb0 > on it. Thus, the Lg-term of 
(7.50) gives rise to the C*C term of (7.52), as well as contributing to the 
E and E' terms (where xi <^iid X2 arc differentiated), W (where the weight 
Irl^a;"'' is differentiated) and the lower order term R". 

Similarly, the Li, L\ and L^j terms in which Vi or V^j differentiates x\ or 
Xi contribute to the E and E' terms, while those in which they differentiate 
the weight contributes to the W term, so it remains to consider when Vi and 
Vij differentiate xo- As we keep /3 < 1, 

\y^4>\ < \Vii\ + iv-c^i < 1 + ipHr'u'/^ + p-\ \Vijcp\ < p-\ 

which thus proves the estimates on the terms arise this way, namely Ri, R'^, 
Rij, above. 

We now employ Lemma 5.33 to estimate the D^i terms as in the proof of 
Theorem 7.3. Note that we are using the finer result, Lemma 5.33, rather 
than its corollary here (unlike in Theorem 7.3), to obtain better control over 
the constant in front of the D^i terms as we shrink S and /?. The important 
fact is that G n ^^S^M is defined by P2n-2k = 0, x = 0, z' = 0, and 

P2n-2k,X,\z'\<U^/^ < 25(3 

on the wave front set of Cij, Ri, R'i, Rij. Thus, we can apply Lemma 5.33 
for a Ci/3(5-neighborhood of a compact subset of Q. Noting that xDfT^i G 
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"i>^^{M), we conclude that, with = BA^, and for Neumann boundary 
conditions, 



y\\D,,T^iB^ 



2 



< CoCiPd\\B^uf + CQ{u, Gu, Gu) 



(7.54) Q{u, Gu, Gu) = + 

+ |P'U||^_i,^_(/+3)/2 + ||Gnw||^_i,^_(/+3)/2, 
es es 

where G e ^-^b (M), G G ^/^'°(M) (independent of 7) with wave front 
set in a neighborhood of supp a. For Dirichlet conditions we simply replace 

and 

^^-i,r-(/+3)/2(^) by H-,^^^-^f+^y\M). 
Note that by (7.53) we have for all w G L^, 

with i?j having the same microsupport as Ri. But 

\{RiD^iB^u, B^u)\ 

< \{RiTiD,>T_iB^u,B^u)\ + \{Ri[Ti, D,,jT_iB^u, B^u)\ 

< \\D^,T^iB^u\\ \\T;R*B^u\\ + \{RiB^u,B^u)\, Ri G Diff^, ^'-^'^(M), 

and \{RiBjU, Bju)\ can be estimated by the inductive hypothesis, while 
\\D^,T^iBju\\ \\T^R*B^u\\ 

< (CoCi/35)V2c2/?-i||B^uf + C'^/2Q(u,Gn,Gu)V2||s^u|| 

< C2{CoCiS/p)^^^\\Bjuf + r'^CQ{u,Gu, Gu) + r\\B^uf. 

As r > is freely chosen, the main point is that if is sufficiently small, 
the first term can be absorbed into ||CS^u|p, for the principal symbol of C is 
bounded below by (co/4)^/2 on supp a. Since the R'- term is analogous, and 
the Rij term satisfies better estimates (for one uses (7.54) directly, rather 
than its square root, as for Ri), the proof can be finished as in Theorem 7.6. 

□ 

Finally, applying arguments that go back to [24] we may put together 
Theorems 7.6 and 7.7 to obtain propagation of edge-b wavefront set along 
EGBB's over the edge face: 

Theorem 7.8. For Neumann boundary conditions, let X = Hci{M), 2) = 
H^'^~'^{M); for Dirichlet boundary conditions let X = h]^^q{M), 2) = 

h;^^'^{m). 

LetueX solve Du = /, / G 2). Then for allseRU {00}, I' < 0, 

iO^KU^) \ wf:J^/(/)) n ^^^s*^]^) c *s 
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is a union of maximally extended EGBB's in \ WF^j^^' (/). 

8. Propagation of fiber-global coisotropic regularity 

We now state a microlocal result on the propagation of coisotropy. The 

result says that coisotropic regularity propagates along EGBB's provided 
that we also have infinite order regularity along all rays arriving at radial 
points in Q. 

Theorem 8.1 (Microlocal propagation of coisotropy). Suppose that u G 
H^\m), Ou = 0, with Dirichlet or Neumann boundary conditions (see 
Definition 5.20), p G 'Hw,h- Suppose also that 

(i) q G (Heb^p,b n 7^eb,o) \ """"Sl^M, 

(ii) u has coisotropic regularity of order A; G N relative to i7™ on the 
coisotropic ^)^eg '^'^ open set containing all points in reg'^i'-' < 
X < 5} that are geometrically related to To,q- 

(iii) WFbHn;^f,,,i„g = 0. 

Then u has coisotropic regularity of order k relative to H'^' for all 

m! < min(m, I + f/2) 
on J^Yreg' ^ neighborhood of J^o,q,rcg- 

Proof. The second numbered assumption and propagation of WFg through 
incoming radial points, Theorem 7.1 part (1), implies that along EGBB's in 

the backward flow of q which pass through Tleb,i\G there is no WF^'', with 

[= min(/,m - f/2 - 0). 

In view of Theorem 7.3, the third assumption gives the same along EGBB's 
in the backward flow of q which pass through TZehj^Q- Thus, near q, but on 

the EGBB's in the backward flow of q, there is no WF^'' at all. Propagation 

of singularities through q (Theorem 7.1 part (2)) then gives no WFe"^'', 
m = min(m,/ + f/2 — 0), on the flow-out. Substituting in I, we see that 
m = min(m, I + f /2 — 0), giving no WF^'' . Thus in x > 0, near the flow 
out, there is no WF™ , which gives the case k = 0. 

We now turn to the general case, A; 7^ 0. To begin, note that assumption ii 
and Theorem 7.1 imply that in fact we have coisotropic regularity of order 

k relative to H^'^ at all q' G TZch,p,i that are connected to g by an EGBB . 

This in turn yields absence of WF^^*^'' in a neighborhood of each such q in 
^^S*^M, as the operators in A are all characteristic only at the radial points 

over W. By Theorem 7.8 followed by the second part of Theorem 7.1, we 

then achieve coisotropic regularity of order k relative to at q, hence in 

a neighborhood as well. □ 



DIFFRACTION ON MANIFOLDS WITH CORNERS 87 

Corollary 8.2. Suppose that u G Hli{M), Hu = 0, with Dirichlet or Neu- 
mann boundary conditions, p G 'Hw,hj k eN. Suppose also that 

(i) u has coisotropic regularity of order k relative to H"^ on the co- 
isotropic ^j^eg ^'^ ^ neighborhood of J^/,p,reg; 

(ii) WFb(«)n^;|^,,,i„g = 0. 

Then u has coisotropic regularity of order k relative to for all 

m' < min(m, I + f/2) 

onJ^o'^^^g in a neighborhood of Tq .^^^^^. 

Finally, we prove that the regularity with respect to which coisotropic 
regularity is gained in the above results is not, in fact, dependent on the 

weight / : 

Corollary 8.3. Suppose that u G H^{Mo), = 0, with Dirichlet or Neu- 
mann boundary conditions, p G Ti-w,};)) A: G N, e > 0. There exists k' (de- 
pending on k and e) such that 

(i) u has coisotropic regularity of order k' relative to on the co- 
isotropic J^Yi^„ in a neighborhood of J-'W„ 

(ii) WFb(n)n^p^,_,i,g = 0. 

implies that u has coisotropic regularity of order k relative to H^~^ on ^o'j.eg 
in a neighborhood of J-^p'p reg- 

Proof. Consider Dirichlet boundary conditions first. Then 

Thus, by Corollary 8.2, u has coisotropic regularity of order k' relative to"*^^ 
fjm-e^ m < min(,s, 1/2) on J-o,Tcg near J-o,p,rcg, strictly away from dM. 

On the other hand, by the propagation of singularities, [34, Corollary 8.4], 
u is in along J-'o^p- Hence the theorem follows by the interpolation result 
of the following lemma, Lemma 8.4. 

Consider Neumann boundary conditions next. Then u G i/cs ^'^^^^^'^ (M), 
so by Corollary 8.2, u has coisotropic regularity of order k' relative to 
m < min(s, —1/2) on ^o',Teg ^^^^ -^O^p.reg' strictly away from dM. 

Proceeding now as in the Dirichlet case, using [34, Corollary 8.4], we 
complete the proof. □ 

Lemma 8.4. Suppose that u is in microlocally near some point q away 
from dM, and it is coisotropic of order N relative to if™ near q with s > m. 
Then for e > and k < {eN)/{s — m),uis coisotropic of order k relative to 
H^~^ near q. 



^^An improved version of the argument, using the time derivative to shift the domain, 
gives coisotropy of order k' relative to H"~^^^~^. 
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In particular, if u is in H'^ microlocally near some point q away from dM 
and u is coisotropic ( of order oo ) relative to near q with s > m, then u 
is coisotropic relative to H^~^ for all e > 0. 

Proof If Q G *°(M) and WF'{Q) lies sufficiently close to q, then the hy- 
potheses are globally satisfied by u' = Qu. Moreover, being coisotropic, 
locally J-' can be put in a model form = by a symplectomorphism 
$ in some canonical coordinates {y,z,r],()-i by [10, Theorem 21.2.4] (for 
coisotropic submanifolds one has k = n — I, dimS" = 2n, in the theorem). 
Further reducing WF'(Q) if needed, and using an elliptic 0th order Fourier 
integral operator F with canonical relation given by $ to consider the in- 
duced problem for v = Fu' = FQu, we may thus assume that v G H^, and 
D'^v € H"'' for all a, i.e. {Dz)^v G Considering the Fourier transform 
V of V, we then have {r],Q^v G L^, (r/, C)™'(C)^^ £ L,^- But this implies 
(^^^0m0+s{i-0)i^QNe- g ^2 foj. ^ [Q^ij interpolation (indeed, in 

this case by Holder's inequality). In particular, taking = (e)/(s — m), 
('75 C)*~'^(C)'^^ G if < {Ne)/{s — m), and the lemma follows. □ 



9. Geometric theorem 

The final essential ingredient in the proof of the geometric theorem is the 
dualization of the coisotropic propagation result. Corollary 8.3. We now 
prove such a result. 

Theorem 9.1. Let u G H^^i (Mq) satisfy the wave equation with Dirichlet 

' loc 

or Neumann boundary conditions. Let p G 'Hw,h, cmd w G reg- 

Suppose A; G N and e > 0. Then there is k' G N (depending on k and e) 
such that «/WFb(u) n J^]^ ..i„g = and u is non-focusing of order k relative 
to on a neighborhood of J^Yp reg ^Yveg then u is non-focusing of order 
k' relative to H^~^ at w. 

Proof. We assume s < to simplify notation; we return to the general case 
at the end of the argument. 

Let T = t{p), and choose Tq < T < Ti sufficiently close to T. Let % 

be smooth step function such that x = 1 on a neighborhood of [T, oo] and 
X = on a neighborhood of {—oo,Tq]. We find that 

v = xu 

satisfies = / with / = [□, and v vanishes on a neighborhood of 
(— cxD,To] X X. Thus, we write 

□;V = V. 

By propagation of singularities, [34], only singularities of / on affect 
regularity at w, i.e. if -^l^ n WF^+^_,^^^^(/) = then w ^ WF^ ,,/(^^)(tx). 
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hence in particular w is non-focusing of order relative to H^^ . Thus, 

Qo G *lJ(Mo), WF'(Id -Qo) n n ^5*,pp^^Mo = 

WFb,^fi(Mo)(n;'((Id-Qo)/)), 

so it suffices to analyze 0^^{Qof). We choose WF'((5o) sufficiently small 
such that 

q e WF'(Qo) either q ^ WFb(/) or 

/ is non- focusing of order A; at g relative to H^~^; 

this is possible by our hypotheses. We may thus replace / by /o = Qof, 

assume that /o is the sum of a distribution that is non-focusing of order 
k relative to H^^^ and is supported in Mg plus an element of H^^^^j^^^y 

and show that D^^/o is non-focusing at w of order k' (for some k' to be 
determined) relative to H^~^. 
Let 

< To < Ti < T[. 

We regard [To,Ti] as the time interval for analysis, but we enlarge it to 
[Tq, r{] in order to be able to apply some b-ps.d.o's with symbol elliptic for 
t G [To,ri] to elements of our function spaces. (The ends of the interval 
would be slightly troublesome.) We define a Hilbert space jC to be X = 
H^{[Tl^,T[] X Xq) in the case of Neumann conditions, or X = Hl{[T^,T[] x 
Xq) in the case of Dirichlet conditions, where indicates vanishing enforced 
at [rQ,r{] X SXq (but not at the endpoints of the time interval). Let X* be 
the L^-dual of X. 
We further let 

(i) 

To < To < to < to < r < ti < t'l < Ti 
such that suppdx C {to,T). 

(ii) xo G C°°(R) such that supp(l-xo) C (Tc-l-oo), suppxo C {-co^t^). 

(iii) Uq be an open set with Z4 C {t G (ig, T)}, n J^Y^^^^ = and 
WFb,x*(/o) CZ^Q. _ ^ 

(iv) Ui be a neighborhood of w with Wi C {t G (T, t'^)} and Wi n J"^gi^g = 
0. 

(v) Bo,Bie ^[^(M) with 

WF'{Bj) c Uj, w ^ WF'(Id-Bi), WF'(Id-So) n WFb,x*(/o) = 0, 

and with Schwartz kernel supported in (to,t'i)^ x X"^. 

(vi) Ai, i = 1, . . . , N, denote first-order pseudodifferential operators, gen- 
erating M as defined in §6, but now locally over a neighborhood of 
Uq U Ui in M° , and with kernels compactly supported in M° . 

(vii) Tjy G 'I'j^(M) with elliptic principal symbol on [Tq,Ti] x Xq with 
Schwartz kernel supported in (TQ,r^)^ x (Xq)'^. Thus, Tj, can be 
applied to elements of X and X*. 
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Now suppose that we are given r and e > 0. Then, with k as in the 
statement of the Theorem, Corollary 8.3 gives ak' = k'{r, e, k) using s = r in 
the notation of that corollary. We let 2} be a space of microlocally coisotropic 
functions on ell(-Bi) relative to X* which are in addition extremely well- 
behaved elsewhere (they will be finite-order conormal to the boundary) in 
{t>t'o}, but are merely in ^« for t near Tq: Let N > r > 1 + e and set 

iiTjv(id-si - xo)V'iil* + rixo^iii* + Yl rr^^^iV'iil* < oo}. 

|a|<fe' 

Thus, 

G 2) ^ WF^3e.(V') c WF'{B^) U '^S.^^pp^^Mo, 

and 

(9.1) Mhi^, < Uh 

for supported in [ro,ri] x Xq (where the are elliptic). 

Also, let 3 be the space of microlocally coisotropic functions on ell(i?o) 
relative to X (and just in X elsewhere): 

3 = e X : J2 WTr-i-eA'^Bom < oo}. 

\a\<k 

Note that as discussed in Section 6 (in particular, Lemma 6.9) 
y = X*+J2 Tr-i-eA'^BoX*, 

\a\<k 

SO by our assumption on /o, /o G 3*, provided — (r — 1 — e) — l<s — 1, i.e. 
provided"*^^ r > —s + 1 + e. Moreover, if vq € 2)*) then 

(9.2) voeX + r^(Id -Bi - xo)X + TlXoX + ^ TrA^B^X. 

\a\<k' 

In particular, as lu ^ WF'(Id— Si — xo) U ^Sg^pp^^Mg, vq is non-focusing 
at w of order k' relative to H~'^'^^, hence relative to H^~^, if we actually 
choose r = — s + 1 + e. 

For / C [To, Ti], let T>i denote the subspacc of consisting of functions 

supported in / x X, ^/ denote the subspace H^^^ consisting of functions 

supported in 7 x X, so □ : !>/ £■/ is continuous, X>/ C 3, "f/ C 2) are 
dense with continuous inclusions. Also let D = Dj, £ = £i for / = (To,ri). 
Finally we also let 3/ be space of restrictions of elements of 3 to /, and 
analogously for 2)/. Then, as we will prove in Lemma 9.2^^, Corollary 8.3 

^"^Note that for such r, r > 1 -|- e as required above, since s < 0. 

^'^The only reason for Corollary 8.3 combined with Corollary 6.12 not yielding the 
result immediately is that Corollary 8.3 is stated for the homogeneous wave equation. 
This suffices for our purposes as we only require inhomogeneities that are very regular 
near the boundary, hence the propagation result of [34] is adequate. 
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implies that 

(9.3) (/<Gl>^||</>||3<C||n0||2), 

where vanishing for t near Ti is used. In fact, we prove a somewhat more 
precise statement:^^ 

Lemma 9.2. For r e [To,Ti), t' > t, 

(9.4) ^eP^||^||3,^,^^j <C7||n^||<g(^^^^,. 

Proof of Lemma: Recall first that by standard energy estimates (taking 
into account the vanishing of (f) near Ti) 

(9.5) <^ G P ^ U\W,T,, ^ + ^ \\^^Hr,nv 
Thus, we only need to prove that for |a| < A;', 

If □<?!) is supported away from dM, then this follows from Corollary 6.12 
and Corollary 8.3. In general, let Q G *°(M) be such that WF'(Bi) n 
WF'(Id —Q) = 0, and Q has compactly supported Schwartz kernel in (M°)^. 
Then has support away from dM, so 

(9.6) \\Tr.i.,A^B,U-_\QU4>)\\x,^,^^^^ < HQD^IIo),,,,^, < IP<^b[.,,,] , 

where DZ^ denotes the backward solution of the inhomogeneous wave equa- 
tion. On the other hand, 

||(id-Q)n<A||H-^,(Mo)< IP<^b[..T,P 

so by propagation of b-regularity [34] , 

IP=H(id-Q)n0)|lH^.-i(Mo) < 

hence the much weaker statement 

(9.7) ||r,_i_,^-Bon:^((id-Q)n0)b(,,^^j < |p</>||a,[,,,^,, 

also holds. Combining (9.6) and (9.7) proves (9.4). This concludes the proof 
of Lemma 9.2, and hence of (9.3) as well. 

In particular, recalling that V = V(To,T-i_)^ (9-3) shows that for G Ran^ □ 
there is a unique ^ G P such that if) = D^; we denote this by ^ = □"^■0. 
Thus, 

Ip-Vlb < CIIV'II?), V^eRan^n- 

Now consider the linear functional on Ran^ □ given by 
%l) ^ (/o, V)> V' e Ran^j □, 

which satisfies 

K/o,n-V)l < ||/o||3*IP"Vll3 < C^II/o|l3*IIV'b, ^ G Ran^n. 



^^Notice that (j> is merely supported in {To,T\) here; not in (t, Ti), which would be 
(9.3) on [t, Ti], except for the loss of going from r' to t. 
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This has a unique extension to a continuous hnear functional i on Ran^ □, 
the closure of Ran^ □ in 2). 

If we used the Hahn-Banach theorem at this point to extend the linear 
functional i further to a linear functional vq on all of 2) , we would obtain a 
solution of the wave equation Ovq = /o on (Tq, Ti), as (Dfo, 4') = (^O; C'/>) = 
{fo,(j>) for G f ! which is indeed non- focusing at w, but we need not just 
any solution, but the forward solution, D^^/q. So we proceed by extending 
the linear functional £ to a continuous linear functional L on 

(9-8) RE^—^ + I^^, 

first, in such a manner that the extension is i on the first summand and 
vanishes on the second summand. If we actually have such an extension, 
then we can further extend it to all of 2), then vanishing on the first summand 
shows that it solves the wave equation on (To,t'^), while vanishing on the 
second summand shows that it vanishes on (ro,io), so its restriction as a 
distribution on (Tq, t'^) is indeed n+^/o- In order to obtain such an extension 
we show: 

Lemma 9.3. 

(i) I vanishes on the intersection of the two summands, so L is well- 
defined as a (not necessarily continuous) linear map, 

(ii) The subspace (9.8) o/2) is closed, and given an element ip + p in the 
sum, there is a representation^^ tp + pofijj + pasa sum of elements 
of the two summands such that one can estimate the ^-norm of ip 
and p in terms of ip + p. 

Proof of Lemma: Wc start with the statement regarding intersection of 
the summands in (9.8). Thus, we claim that if 

supp/o C [to,ti] X X, 

then 

(9.9) V G RaS~ □ and supp^ C (Tq, t'^) =^ £{'iIj) = 0. 

To see this let iJjj —>■;/; in 2), tpj = □(/>j, (pj G Pj^-y^^'j. Then {iJjj} is Cauchy 
in 2), hence {4>j} is Cauchy in 3 by (9.3), hence converges to some ^ G 3- 
By the support condition on cpj, supp^ C [To,t']^]. As — in X* (for 
□ : jt ^ X* is continuous), and = ijjj ^ ip in hence in X*, we deduce 
that ip = n\(/), i.e. is supported in (To,tQ). Thus, ipj\(^t' ,Ti) ^ in the 
2) topology hence ^j|[to,Ti] ^ in the 3 topology using (9.4) with r = tQ, 
t' = to, so, by the support condition on /, 

l(/o,</'.-)l<ll/o||3f,„,JI</'.ll3,o,,-0, 
so we deduce that (/o, 0) = as claimed. 



Since the intersection of the summands is non-trivial, this can only be true for some 
representation, not all representations! 
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Next we turn to the closedness of the sum in (9.8). First, we claim that if 
lb G Ran— D, P G £(Tn i> \ then there exist '0 G Ran— CH, P G t- ^ 

such that 

^ + p = -0 + p and llVSllsg < 11-0 + pIIo). 
Indeed, let x+ G C°°(M) such that 

SUPPX+ C (Tc+oo) and supp(l - x+) C (-oo,fo). 

Let + p) denote the backward solution of the inhomogeneous wave 

equation; i.e. the unique solution of = tp + p which vanishes on (ti,Ti). 
Then let 

Vi = n(x+ni^(V + p))eRan^^ □, 

SO 

p = V + p - ^ = (1 - x+)(^ + p) - [□, x+]DzH^P + p) G £(^To,foy 

Moreover, 

(9.10) i> = x+{^ + p) + nx+]az\^ + p) 

satisfies 

as follows by inspecting the two terms on the right hand side of (9.10): for 
the first this is clear, for the second this follows from ||V'+P||iji ^ ^ IIV'+pII?)) 

see (9.1), hence one has a bound in X for □l^(V-' + p) by (9.5), and then 
suppp,x+] C suppdx+ C (To, To) gives the desired bound in 2). This 
concludes the proof of Lemma 9. 3. 

Thus, if '^j G Ran^^ □, pj G £^j.^ and xpj + pj converges to some 

G 2) then defining ipj and pj as above, we deduce that due to the Cauchy 
property of + Pj}, {ipj} is Cauchy in 2), hence so is {pj}, thus by the 
completeness of 2) they converge to elements in ^ G Ran^^ □, resp. 

p G £,rr rf, X with lb + p = v. This shows that Ran— □ + £,rr ^ n is 

^ (,To,To) f 1^ ^(T(,,t'^) (ro,To) 

17 



closed, and indeed gives an estimate that if G RaiiTS □ + £irr ^ 
' ^ ■'^(ro.t'j) (ToTo) 

then there exists ib G Ran— □ and p G Srrr ^ \ such that ib + p = v and 

(9.11) IIV'b + l|pb< Ikb- 

As mentioned earlier, this construction allows us to define a unique con- 
tinuous linear functional L on 



Ran./, □ + £(T. , 



1 7 

This estimate follows from the open mapping theorem, given that the sum is closed, 
but the direct argument yields it anyway. 
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in such a way that it is I on the first summand and it vanishes on the second 
summand: uniqueness is automatic, existence (without continuity) follows 
from (9.9), as the two functionals agree on the intersection of the two spaces, 
while continuity follows from (9.11). Then we extend L by the Hahn-Banach 
theorem to a linear functional on 2). 

Then G 2)* solves Uvq = fo on {TQ,t'i), since for (f) G 'D(To,t[) 

{nvo,(f>) = {vo,n(f>) = {fo,(i>), 

and V vanishes on {To,to), for it vanishes on ^(70, to)' i-®- test functions 
supported there, so it is the restriction of the forward solution of the wave 
equation to (Tq,Ti). We have thus shown that if /o G 3* is supported 
in [io)^i]) which holds if fo satisfies the support condition, is microlocally 
non-focusing on Uq, and is conormal to the boundary elsewhere, then the 
forward solution of Ovq = /q is in 2)* (cf. Lemma 6.10), hence by (9.2) it 
is in particular microlocally non-focusing of order k' relative to H^~^ at w. 
This completes the proof of the theorem if s < 0. 

If s > 0, one could use a similar argument relative to slightly different 
spaces: the only reason for the restriction is that elements of 2) lie in X* and 
a larger space (which would thus have a smaller dual relative to L^) would 
be required to adapt the argument. However, it is easy to reduce the general 
case to s < 0: replacing uhy u = [1 + D^)^u, N > s/2, u is non-focusing of 
order k relative to H'^~'^^ on a neighborhood of J^W and solves the wave 
equation, hence it is non-focusing of order k' relative to if^'-^A'-e ^ 
the already established s < case of this theorem, and then the microlocal 
ellipticity of (1 + L>f )^ near the characteristic set (recall that w is over the 
interior of Mq) shows that u itself is non-focusing of order k' relative to H^^^ 
at w, as claimed. □ 

As a consequence of the proposition of nonfocusing, we are now able to 
prove our main theorem: 

Theorem 9.4. Let u £ Hj^^^Mo) satisfy the wave equation with Dirichlet 
or Neumann boundary conditions. Let p G 'Hw,hi cind w G J^o^p rgg- 
Assume 

(i) u satisfies the nonfocusing condition relative to on an open neigh- 
borhood o/J'l^^j.gg mJP)^gg, 

(ii) WF^ un{w' e :Ff^p,reg 

: w',w are geometrically related} = 0, 

(iii) WF^(n)n.Ff,^,i„g = 0. 
Then 

w ^ WF^-°(u). 

Proof. By using a microlocal partition of unity (cf. the argument at the 
beginning of Theorem 9.1), we may arrange that (ii) is strengthened to 

(9.12) WF°° un{w' e ^T^^reg ' ^ ^re geometrically related} = 0, 
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and (iii) to 



(9.13) WFC°(n)n.F,%,g = 0, 

for if a microlocal piece u of the solution is in then it remains in 
under forward evolution, by the results of [34]. 

Let r < s. On the one hand, by conditions (i) and (iii), u satisfies the 
non-focusing condition (of some, possibly large, order k') relative to at 
w due to Theorem 9.1. On the other hand, by Theorem 8.1, (9.12) and 
condition (iii), u is microlocally coisotropic at w, i.e. there exists 5 G M such 
that^® microlocally near w 

(9.14) A'^ueH^ Va. 

We can interpolate non-focusing and (9.14) as discussed in [25] to conclude 
that microlocally near w, u E H^~^. Since r < s is arbitrary, this proves the 
result. □ 

Corollary 9.5. Let u be a solution to Du = with Dirichlet or Neumann 
boundary conditions, and let p G 'Hw,b- Suppose that for some eo > 0, in 
a neighborhood of .7^]^(eo) in ^S'^^^^^j^Mq, u is a Lagrangian distribution 
of order s with respect to C C T*Mq, a conic Lagrangian such that C H 
•^r^=i,i„- = (ind the intersection of C and TY,-^„ is transverse at J^^„^^„. 
Then if w ^ •^o'reg geometrically related to any point in C, 

where k is the codimension of W. 

The a priori regularity of such a solution is iJ-*-"/4-o gQ ^j^^g represents 
a gain in regularity along the diffracted wave of (A; — l)/2 — derivatives. 
Corollary 9.5 follows immediately from Section 14 of [25] and Theorem 9.4. 

Corollary 9.6. Let 7 : (— cq, 0] — ^Sq be a GBB normally incident at W , 
7(0) = a G Hw^hj <^'<^d let 7 be its projection to Mq. Given G 7((— eo,0)), 
let Uo be the forward fundamental solution ofO, i.e. Ug = C\^^6o- 

There exists e > such that if o ^ 7((— e,0)) then for all w G ^c^areg^ 
such that w is not geometrically related to point in ^S*Mo PI ^Sq, 

where k is the codimension of W. 

Note that this represents a gain of (fc — l)/2 — derivatives relative to the 
overall regularity of the fundamental solution, which lies in //'-"■/2+1-0 



Proof. The hypotheses on the location of o ensure that, with C denoting the 

sing 



flowout of ^5*^^0 ''So, C is disjoint from J^f^^ ■ in view of Corollary 3.27 



1 R 

The particular choice of S is dependent on the background regularity of the solution, 
which in turn can be low, depending on the order of nonfocusing relative to H" . 
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Thus, the microlocal setting is the same as that of [25], hence the hypotheses 
of Corollary 9.5 are satisfied. □ 

Appendix A. Some functional analysis 

We often encounter the following setup. Suppose that Sj, 2) are Banach, 
resp. locally convex, spaces, and 

is a continuous injection with dense range (so one can think of 2) as a 
subspacc of ^ with a stronger topology). Let S^' , 2)' denote the spaces of 
linear functionals on i^, 2) endowed with their respective weak topologies 
(i.e., the weak-* topology in the Banach space setting). Then the adjoint of 
L is the map 

:S)' iU{v)=£{Lv), £e9)', 

and is continuous in the respective topologies. The injectivity of t implies 
that has dense range, while the fact that t has dense range implies that 
is injective. Thus, one can think of S)' as a subspace of 2)', with a stronger 
topology. 

If ij is a Hilbert space with inner product C-linear in the first 

argument, there is a canonical (conjugate-linear) isomorphism jf, '■ ^ ^ ^' 
given by jsj{u){v) = {v, u)^. Suppose also that there is a canonical conjugate 
linear isomorphism 

Cfl : ij ^ ij, 4 = Id, (u, csjv) = {v, csju); 

if ^3 is a function space, this is usually given by pointwise complex conjuga- 
tion. Thus, 

Tsj = jsjOc^:Sj^ Sj' 

is a linear isomorphism. Thus, if : 2) — ^ ^ is continuous linear, then 
: S)' ^ 2)' continuous linear, and 

is continuous and linear. In particular, letting A be our continuous injection, 

i^ = ttoj^oc^:i3^2)' 

is linear, injective with dense range, so can be considered a subspace of 
2)' (with a stronger topology). In particular, 

is also injective with dense range. One considers the triple (2)',ij,<.) the 
ij-dual of 2); we will denote this either simply by 2)') or by 2)* if we want to 
emphasize the inclusion of 2) into 2)' via Sj, in what follows. Note that if 2) 
is also a Hilbert space with a canonical conjugate linear isomorphism^^ csg, 

LOC<r) = C^OL, c| = Id, 



■'^'^ Again, pointwise complex conjugation on function spaces is a good example. 
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then we have the canonical hnear isomorphism Tsg = J2) o C2) : 2) ^ 2)', 
and it is important to keep in mind that Tsg is (usually) different from 
= J o o t: 

l'l{u){v) = {lv, {csj o t)u)sj = {tv, (i o c^)u)sj, 

for M, f G 2). A simple example, when X a compact manifold with a smooth 
non- vanishing density v is obtained by 2) = C^{X) (a Frechet space) and 

= L1{X) with respect to the density with t : 2) — > the inclusion. 
Then i^t : C°°(X) — C~°°(X) is the standard inclusion of Schwartz functions 
in tempered distributions: L'Lf{(p) = f fcpv. 

In fact, we shall always consider a setting with V a dense subspace of ij, 
with a locally convex topology, with respect to which the inclusion map is 
continuous (i.e. which is stronger than the subspace topology), so using the 
linear isomorphism o : — > Sj' , we have continuous inclusions, with 
dense ranges. 

Suppose now that A -.V ^T>, hence A'^ -.V'^V', and suppose that A^ 
maps V, i.e. more precisely the range of l^l (with l :T> Sj the inclusion), 
to itself, and let 

A={L^L)~^A\iK):V^V. 

Then for f,(f)eV 

{tcf>,iAf)s^ = {LKcvAf){ct>) = {cv'iKAf)ict>) = {cv'Ah^tf 

(A.l) = iAhhf){cv(l>) = {thf)iAcv(l}) = {tcvf,tAcv(l>) 

= {LcvAcv(f),if), 

so A is the formal adjoint of cjyAcx) with respect to the inner product. 

Given a Hilbert space ^ as above, hence an inclusion of T) into P', we 
shall also have to consider subspaces X of T>' with a locally convex topology, 
which contain the image of T> in T>' (under the ^-induced inclusion map), 
and such that the inclusion maps 

are continuous, with dense range, hence one has the corresponding sequence 

of adjoint maps, which are continuous, with dense range, when all the duals 
are equipped with the weak topologies. As iV')' = V, one obtains 

v^x' ^ v. 

If further 

continuous, with dense ranges, then 

V^Sj' = Sj^X' ^V, 
and similarly if one had the reverse inclusion between X and Sj. 
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One way that subspaces such as 2) arise is by considering a a finite number 
of continuous hnear maps Aj : V ^ V, such that there exist continuous 
extensions Aj : V' ^ T>' (which are then unique by the density of T> in 
V), hence Aj : X ^ V, j = 1, . . . ,k. Then, in what essentially amounts to 
constructing a "joint maximal domain" for the Aj, and writing lxd' : X ^ V 
for the inclusion, let 

(A.2) 2) = {tx G X : Vj, AjU G Ran lxd'} 

with 

(A.3) \\u\\l) = WuWl + J2 h^'Ajufx^ 

where the injectivity of lxd' was used. If {un} is Cauchy in 2), then it is such 
in X, so converges to some u E X, and thus AjUn AjU G T)' . Moreover, 
if {tin} is Cauchy in 2) then L^^,AjUn is Cauchy in X so converges to some 
Vj G X, hence AjUn ixD'Vj in X. Thus, AjU = ixD'Vj, so AjU G KanLxD', 
and AjUn ^jU in X, proving that 2) is a Hilbert space. We will simply 
write Aj for Aj\(x) : '2) ^ X. Note that P C 2), so 2) is dense in X. However, 
V is not necessarily dense in 2) . 

An example is given hy X = Lg{X) on a compact manifold with or without 
boundary, g a Riemannian metric, Aj be a finite set of C°° vector fields 
which span all vector fields over C°^(X), V either C°°(X) or C°°(X_); then 
2) = Hl{X). If P = C°°{X), then V is dense in 2), but if P = 
then this is not in general the case: it fails if the boundary of X is non- 
empty. Other examples are given coisotropic distributions, where the Aj 
are products of first order ps.d.o's characteristic on a coisotropic manifold; 
see a general discussion below for spaces given by such ps.d.o's. 

Another way a subspace like 2) might arise from continuous linear maps 
Aj : V ^ V IS the following. In a "joint minimal domain" construction, one 
can define 

(A.4) \H% = M\l + Y.\\^M\l^ 

as above, and let 2) be the completion of T) with respect to this norm, so 2) 
is a Hilbert space. Moreover, the inclusion map txix : P — >■ X as well as Aj 
extend to continuous linear maps 

and has dense range (for P canonically injects into the completion). 
In addition, with 2) as above, the inclusion map tx)2) : ^ ^ 2) extends 
continuously to a map 

• ^ ?) 

which is an isometry, and is in particular injectivc. This in particular shows 
that the inclusion map from 2) to X is also injective, with a dense range. 
For X a manifold with boundary and P = C°°(X), Aj vector fields as above, 
one has 2) = H^{xy, with P = C°°(X), one has 2) = H\X). 
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Note that the closure of P in 2) is 2), so P is dense in 2) if and only if 2) = 
2) (i.e. is surjective). Prom this point on we assume that 2) = 2). This 

is true, for instance, if one is given Bi,. . . ,Br G '^^^{M), and Ai,. . . ,Ak 
are up to s-fold products of these, as shown below in Lemma A. 3. Thus, 
2)' C T>' (i.e. the inclusion map is injective). 

Using the inclusion map l<qx we can now identify the dual of 2) with 
respect to S). Wc start with the case = X. By the Riesz lemma, 2)' = rsg2) 
and Tsg is unitary, where 

But 

T<x)iv){u) = (u,C2)i;)2) = {L<i)sjU,LfQSjC<x,v)^ + ^{AjU,AjC<Qv)sj 

j 

= ifli2)ijC2}t;(i2}i3?^) + 

j 

Thus, 

T<x)iv)iu) = {{i^^s,'^^s, + Y.A)cs,AjC^)v)iu). 
We conclude that 

T<sv = {i^sj^^sj + Yl '^]csjAjC^)v, 

and 

(A.5) 2)* = (4^ia5fl + J2 A)csjAjcsr))<S. 

This also shows that 

2)* = Ran + ^ Ran A], 

for D follows from the definition of l^, etc., while C follows from (A.5). We 
recall here that by (A.l), A^ is the formal adjoint of cvAjC-D. 

More generally, we do not need to assume X = Sj; rather assume that 



(A.6) 



{u, v)x = ^{Bku, Bkv)sj, 

k 



100 RICHARD MELROSE, ANDRAS VASY, AND JARED WUNSCH 

where : X ^ are continuous hnear maps (and there is no assumption 
on the relationship in the sense of inclusions between X and Sj). Then 



XI {Bkl'^x)xu,Bkiyxc^x)v)sj + ^{BkAjU,BkAjCyv)sj 

k \ j 

X jsjBkt<x)xcigv{Bkiyxu) + ^jsjBkAjC<x)v{BkAju) 



X {iBki'iQxycsjBkiyx + ^{BkAjfcsjBkAj)c<x)V j (u), 
k j J 

so we conclude as above, using {BkAjY = ^^-Bfcj etc., that 

(A.7) 2)* = Ran4^ + X^]; 

j 

note that the same computation as in (A.l) with factors of l omitted shows 
that Al is the formal adjoint of cxAjCxi. 

We now prove the density lemma mentioned above. We start by commut- 
ing bounded families of operators through products of first order ps.d.o's. 

Lemma A.l. Let r > 1. For s G N, let Jg be the set of maps {j : 
{l,...,s}^{l,...,r}. 

Suppose that Ai,. . . ,Ar G '^^^{M), and for s G N and j E Jg, let 

■^3 ~ -^31 ■ ■ ■ -^js ■ 

Then for k E N, j E Jk and {Qn} o- uniformly bounded family in '^^^{M), 

AjQn = QnAj + ^ ^ ^ ] CinAi, 
s<k—l iSJs 

with {Cin : n G N} uniformly bounded in "^^^{M), and the uniform bounds 
are microlocal (so in particular WF'({Cin : n G N}) C WF'({(5„ : n G 

N});. 

Moreover, for e>0, if Qn ^ Id in ^'^b (M) then Cin ^ in ^'gb (M) as 
n — GO. 

Remark A. 2. Wc do not need the microlocality of the uniform bounds below, 
but it is useful elsewhere. 

Proof. We proceed by induction, with k = being clear. 

Suppose k > 1, and the statement has been proved with k replaced by 
k — 1. Then for j G Jk, 

AjQn = QnAj + [Aji , Qn]Aj2 ■ . ■ Aj^ + . . . + Aj^ . . . Aj^,_^ [Aj^, , Qn] ■ 
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Note that [Aj^,Qn] £ (^) uniformly, and in a microlocal sense (and 
[Aj^,Qn] ^ in *g|,°(M) if Q„ ^ Id in *°;°(M)). Thus, the first two terms 
are of the stated form. For the others, there arc I < k — 1 factors in front 
of the commutator, which is bounded in ^'^^''(M) (and converges to in 
*gj^°(M) if Qn Id in ^'^{^^(M)), so by the inductive hypothesis 

Aj-^ . . . Aj^ [Ajj^j , Qn] 

can be rewritten as X^g<; XlieJs ^s,inAi, hence 

^ii • • • ^ii i-^ji+i 1 QnlAji^^ ■ ■ ■ ^jk 
is rewritten as Cs,inAi^ . . . Ai^Aj^_^^ . . . Aj^, with s + (fc — (/ + 1)) < I + k — 
(i + 1) = — 1 factors of the A's, hence is of the stated form. □ 

Lemma A. 3. Suppose that Bi, . . . , B,- G "^^^^(M), and let X be a Hilbert 
space on which "^^^{M) acts, with operator norm on X bounded by a fixed 
'^^^[M)-seminorm. Let V G X be a dense subspace with a locally convex 
topology, and with all Q G *^°°'°(M), Q : X ^ V continuous, while for 
all Q G *^'°(M), Q : V ^ X is continuous, with bound given by a fixed 
seminorm and a fixed seminorm on V. 
For ken, let 

2) = {tt G 3e : Vs < /c, V j G Js.AjU G X} 

with 

= iif^iii+xm 

s<k jeJs 

Then V is dense in 2) . 

Proof. We start by observing that if Q„ is a uniformly bounded family in 
^eb (^)> Q e *eb (^) and Qn^Qm ^'^^{M) for e > 0, then Qn ^ Q 
strongly on X. Indeed, Qn is uniformly bounded on X by the assumptions 
of the lemma, so it suffices to prove that for a dense subset of X, which we 
take to be P, u G P implies QnU Qu in X. But this is immediate, for 
Q„ ^ Q in ^'3b (M), hence as a map V ^ X, hy the assumptions of the 
lemma. 

Now let An G ^'~^^°°'°(M) uniformly bounded in ^'^^ (^) and A„ Id in 
vl'^l^(M) for e > 0, so A„ ^ Id strongly on X. We claim that for s < k, 

(A. 8) tx G 2), j E Js => AjAnU — >■ AjU as n ^ oo in j£. 

Since A„m G P, this will prove the lemma. Note that A„u — n in j£. 
By Lemma A.l, for j G J?, 

AjAn = AnAj + ^ ^ ^ ^ CinAi, 
l<s-l i£Ji 

with {Cin : n G N} uniformly bounded in (^)' ^in ^ in ^'^b (M) for 
e > 0. Correspondingly, {Cin ■ n G N} is uniformly bounded as operators 
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on X, and Cin strongly on X. Since AjU G X and AiU & X ioic i & Ji, 
I < s,we deduce that AjAnU — Aju in X, completing the proof. □ 



Appendix B. The edge-b calculus 

Let M be, for this section, a general compact manifold with corners and 
let W be one of its boundary hypersurfaces. In the body of the paper 
above, M is obtained by the blow up of a boundary face y of a manifold 
with corners AIq and W is the front face of the blow up, i.e. the preimage 
of Y under the blow-down map. In fact our discussion is mostly local in 
the interior of Y and hence we could assume that Y has locally maximal 
codimension, so that it has no boundary. We shall not, however, make this 
assumption here, and we include the setting obtained by blow-up without 
actually restricting the discussion to it. Instead, we shall suppose that W 
is equipped with a fibration 

(B.l) Z W 

<t> 
Y. 

Since the manifolds here may have corners, this is to be a fibration in that 
sense, so the typical fiber, Z, is required to be a compact manifold with 
corners, the base, y, is a manifold with corners and o is supposed to be 
locally trivial in the sense that each p ^Y has a neighborhood U over which 
there is a diffeomorphism giving a commutative diagram 

(B.2) (t>~^{U) = ^UxZ 




Mainly for notational reasons we will also assume that Y is connected. 

Let Vch{^I) C Vb(M) be the Lie subalgebra of all those smooth vec- 
tor fields on M which are tangent to all boundary (hypersur-)faces and in 
addition are tangent to the fibers of ^ on W. The calculus of edge-b pseu- 
dodifferential operators will be constructed in this setting, it is determined 
by Af and <t) and niicrolocalizcs Vc\,{M)- 

In case the (p has a single fiber, i.e. Z = W, corresponding to the case 
that W is not blown up at all, the Lie algebra Veb(-^) reduces to Vb(M) 
and the desired microlocalization is just the algebra of b-pseudodifferential 
operators on M as a manifold with corners. The construction of this algebra 
is discussed in [19], [22] and of course W is in no way singled out amongst 
the boundary hypersurfaces. The pseudodiffcrcntial operators are described 
in terms of their Schwartz kernels, which arc the conormal distributions 
with respect to the resolved diagonal in a blown- up version of M^, with the 
additional constraint of vanishing rapidly at boundary faces which do not 
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meet the lifted diagonal. The resolved double space in this case is 

(B.3) Ml = [M'^]B], B = {B X B;B e MiiM)}. 

Here, in generality, Aip{M) is the collection of all connected boundary faces 
of codimension p of the manifold with corners M. It is of crucial importance 
that the lift to of the diagonal, is a p-submanifold — the lift in this case 
is the closure (in M^) of the inverse image of the interior of the diagonal: 

(B.4) Diagb = cl(Diag(M) n int(M^)). 

Then the operators on functions correspond to the kernels 

(B.5) *"*(M) = {Ae /""(M^; P*nR);A = at OM^ \ S{P)} 

where ff(/3) is the collection of boundary faces produced by the blow-ups 
defining the combined blow-down map (3 : AI^ — > M^. 

The composition properties of these operators, including the fact that 
the "small calculus" is an algebra, can be obtained geometrically from the 
corresponding triple space 

(B.6) = [M^;B^,B% B^ = {B^;Be Mi{M)}, 

B^ = {M X B X B, BxM xB, B x B x M;B e Mi{M)}. 

There is considerable freedom in the order of blow-ups here and this is 
sufficient to show that the three projections, ttq, from to lift to 
"stretched projections" 7ro,b '■ — > M^, O = S,C,F, corresponding to 
the left, outer and right two factors respectively; these maps are b-fibrations 
and factor through a product of and M in each case. 

As already noted, it is crucial for the definition (B.5) that the lifted diag- 
onal Diagb be a p-submanifold, meaning that it meets the boundary locally 
as a product. This also turns out to be essential in the construction of M^^ 
below. 

There is another extreme case in which the microlocalization of the Lie 
algebra Vgb is well-established, namely when W is the only boundary hy- 
persurface, so M is a manifold with boundary; this is the case of an "edge" 
alone, with no other boundaries. The construction of a geometric resolution 
in this case can be found in [16] and [17]. It is quite parallel to, and of course 
includes as a special case, the b-algebra on a manifold with boundary. In 
the general edge case when the fibration (p is non-trivial (but W itself has 
no boundary) the center blown up in (B.3), which would be W'^, is replaced 
by the fiber diagonal 

Diag^ = {{p,p') G W^- m = W)} = (</> X </.)-HDiag(F)) 
M2 = [M2;Diag^]. 

Similarly, the triple space is obtained by blow-up of the triple fiber product 
(B.8) 

Diag^ = {{p,p'y) G T^^ m = cf>{p') = 0(p")} = (</- X X cf>)-\Biag\F)) 
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and then the three partial fiber diagonals, the inverse images, Diag^, O = 
S, C, F of Diag^ under the three projections ttq '■ — > : 

(B.9) M3 = [M3; Diagi^; Diag^, Diag^, Diag^]. 

Again the three projections lift to b-fibrations 

(B-IO) ^I^K 

9- 

The microlocalization of Veb is accomplished here by the combination of 
these two constructions. The diagonal, even for a manifold with boundary, 
is not a p-submanifold — does not meet the boundary faces in a product 
manner — and as already noted this is remedied by the b-resolution. Since 
the fiber diagonal in W'^ is the inverse image of the diagonal in Y it too is not 
a p-submanifold in case Y has boundary, but then the partial b-resolution 
of M resolves it to a p-submanifold which can then be blown up. 

More explicitly, the boundary hypersurfaces of M, other than W itself, fall 
into three classes according to their behavior relative to (j). Namely there may 
be some disjoint from W; these are relatively unimportant in the discussion 
below. Otherwise the intersection of W and such a boundary hypersurface, 
B, is a boundary hypersurface B CiW of W. The remaining two cases corre- 
spond to this being the preimage under ^ of a boundary hypersurface of Y 
or, if this is not the case, then BDW is the union of boundary hypersurfaces 
of the fibers of 0, corresponding to a fixed boundary hypersurface of Z. In 
brief, the boundary hypersurfaces B £ Mi{M) \ {W} which meet W corre- 
spond either to the boundary hypersurfaces of Y or of Z. Let B', 13(Y) and 
B{Z) C Mi{M) denote the three disjoint subsets into which Mi{M) \ {W} 
is so divided. 

To define the double space on which the kernels are conormal distributions 
with respect to the lifted diagonal, just as in both special cases discussed 
above, we make one blow up for each of the boundary hypersurfaces. For 
those other than W, this is the same as for the b-doublc space for M, which 
is to say the corners, B x B, are to be blown up for all B G M.i{M) \ {W}. 
Since these submanifolds are mutually transversal boundary faces within 
they may be blown up in any order with the same final result. For W 
we wish to blow up the fiber diagonal, Diag^, in (B.7). This is certainly 
a manifold with corners, since it is the fiber product of W with itself as 
a bundle over Y, given by 0. However, as noted, it is not embedded as a 
p-submanifold if Y has non-trivial boundary. If Xi and yj are respectively 
boundary defining functions and interior coordinates near some boundary 
point of Y, and x', y', x", y" are their local lifts to W"^ under the two copies 
of 0, then Diag^ C W'^ is the "diagonal" x' = x", y' = y". Near a boundary 
point of Y this is not a p-submanifold. 

Note that in the simplest case, when B(Y) = 0, the following lemma 
merely says that Diag^ is a p-submanifold of M^. 
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Lemma B.l. The fiber diagonal Diag^ lifts to a p-submanifold of [M'^;B{Y)]. 
We will still denote the lifted submanifold as Diag^ . 

Proof. Since Diag^ C W'^ and this is the smallest boundary face of with 
this property, under the blow up of other boundary faces of M^, Diag^ lifts 
to the subset (always a submanifold in fact) of the lift of under the blow 
up of the intersection of W"^ with the boundary face which is the center 
of the blow up. That is, to track the behavior of Diag^ we need simj^ly 
blow up the intersections of the elements of B{Y) with W'^, inside W'^. This 
corresponds to exactly the "boundary resolution" of Y'^ to Y^ as discussed 
briefly above. So the diagonal in Y lifts to be a p-submanifold. Since 
is a fibration over Y, it follows easily from the local description that Diag^ 
lifts to a p-submanifold of the blow up, [VF^;i3(F) H W"^] and hence to a 
p-submanifold of [M^;5(y)] as claimed. □ 

Thus blowing up the elements of B(Y) in resolves Diag^ to a p- 
submanifold, by resolving the diagonal in Y^. The defining functions of the 
elements of B{Z) restrict to defining functions of boundary faces of the lift 
of Diag0 so all the remaining boundary faces, in B'UB{Z) are transversal to 
this lift. Such transversality is preserved under blow up of boundary faces, 
so we may define the eb-double space in several equivalent ways as regards 
the order of the blow-ups and in particular: 

Ml=[M^;B\Bi^g^] 

^[M2;S(F)2,Diag^,6(Z)2,(B')'], 

where the "squares" mean the set of self-products of the elements and the 
ordering within the boundary faces is immaterial. 

The fibration (p restricts to a fibration, (j)B, B CiW for each B G B{Z), 
over the same base Y. For each B € B{Y) instead <p restricts to B CiW 
to a fibration, again denoted ^b, over Y{B), the corresponding boundary 
hypersurface of Y. Thus considering B G B{Z) or B e B{Y) as manifolds 
with corners on their own, each inherits a fibration structure as initially 
given on W G M on the intersection B CiW £ A4i{B). For the elements of 
B' there is a corresponding trivial structure with no W. 

Lemma B.2. The diagonal in lifts to a p-submanifold of M^^. The 
"front faces" of M^^, those boundary hypersurfaces produced by blow up, are 

of the form B"^^ x [0, 1], corresponding to each B e B = M-i{M) \ {W} with 
its induced fibration structure. That corresponding to Diag^ is the pull-back 
of the bundle [W'^; {B{Z)r\{W))'^], defined by blowing up the diagonal corners 
of the fibers, to a (closed) quarter ball bundle over Y. 



Proof. These statements are all local and follow by elementary computations 
in local coordinates. □ 
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Thus, the definition of the "small" calculus of cdge-b pseudodifferential 
operators is directly analogous to (and of course extends in generality) (B.5): 

(B.12) *^(M) = {Ae I'^{Ml;/3*nRy,A = at ^M^ \ff(^)} 

where the particular fibration (f) is not made explicit in the notation. The 
fact that these kernels define operators on C°°{M) and C°°{M) reduces to 
the fact that push-forward off the right factor of M, which is to say under 
the left projection, gives a continuous map 

(B.13) (vr^,^), :^'™b(M)^C-(M). 

The principal symbol map is well-defined at the level of conormal distribu- 
tions, taking values in the smooth homogeneous fiber-densities of the non- 
zero part of the conormal bundle to the submanifold in question. In this 
case N* Diagg^ = ^^T*M is a natural identification and the density factors 
cancel as in the standard case so 

(B.14) a™ : M/^(M) ^ C~r^5*M; N^) 

where A^^, is the bundle of functions which are homogeneous of degree —m. 

The structure of the front faces leads directly to the "symbolic" structure 
of the (small) algebra of pseudodifferential operators. Namely, there are 
homomorphisms to model operator algebras corresponding to each boundary 
face of M, known as normal operators. For faces other than W the model 
is a parametrized ("suspended") family of edge-b (or for those boundary 
faces not meeting W simply b-) operators corresponding to the fibrations of 
boundary hypersurfaces of W. Note that if zj is a defining function for such 
a face, the operator zjO^j maps in this correspondence to the operation 
of multiplication by the corresponding suspension parameter. For W the 
model is a family of b-operators on the fiber times a half-line, parametrized 
by the cosphere bundle of the base of the fibration. (We do not employ the 
normal operator homomorphism for the face W in this paper.) 

The corresponding triple space can be defined by essentially the same 
modifications to the construction of as correspond to obtaining M^^ in 
place of M^. 

Lemma B.3. Under the blow-down map for the partial triple b-product 
(B.15) /3| : M| = [M^;B{Yf;B{Yf;B{Zf; {B' f; B{Zf, {B'f] — > 
the triple fiber diagonal and the three partial fiber diagonals 

Diag3 = {{p,p',p") e W^; 4>{p) = 4>{p') = ^{p")}, 
Diag^ = (7ro)-'(Diag^), O = S,C, F, 
all lift to p-submanifolds. 

Proof. This reduces to the same argument as above, namely that the triple 
and three partial diagonals in are resolved to p-submanifolds in Y^ and 
the effect of the first two sets of blow-ups in (B.15) on Y^ is to replace it by 
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and hence to resolve the submanifolds in (B.16). Under the subsequent 
blow-ups of boundary faces any p-submanifold lifts to a p-submanifold. □ 

Thus we may define the cdgc-b triple space to be 

(B.17) Ml = [M|; Diag3; DiagJ; Diag J ; Diag J] . 

Proposition B.4. The three partial diagonals lift to b-submanifolds inter- 
secting in the lifted triple diagonal and the three projections lift to b-fibrations 

(B-18) Ml^Ml 

s- 

where 7ro,eb is transversal to the other two lifted diagonals. 

Proof. The existence of the stretched projections as smooth maps follows 
from the possibility of commutation of blow-ups. For the sake of definiteness, 
concentrate on np, the projection onto the right two factors. 

After the blow up of the triple fiber diagonal in (B.17), the three partial 
fiber diagonals are disjoint so the other two can be blown up last. When it 
is to be blown up, the triple fiber diagonal is a submanifold of Diag^ so the 
order can be exchanged, showing that there is a composite blown-down map 

(B.19) Ml^[Ml;Dmg^]. 

The manifold with corners M~ is the b-resolved triple product where the 
boundary hypersurface W is ignored. The commutation arguments showing 

the existence of a composite blow-down map — ^ M X carry over 
directly to give an alternative construction 

(B.20) M|=[MxM|;jr] 

where J- consists of those boundary faces in (B.15) which involve a defin- 
ing function on the first factor of M'^ — so all the triple products and the 
double products with boundary hypersurface in the first factor. These are 
all transversal to Diag^, realized as a p-submanifold of M x M~ so can be 
commuted past it in the blow up, giving the map T^F,<t> in (B.18). That it 
is a b-submersion follows from its definition as a composite of blow-downs 
of boundary faces, together with the corresponding fact for the edge case. 
That it is a b-fibration follows from the fact that the image of a boundary 
hypscrsurfacc is cither a boundary hypersurface or the whole manifold since 
this is true locally in the interior of boundary hypersurfaces. □ 

These facts together show that the small calculus of edgc-b pscudodiffer- 
ential operators, as defined in (B.12), is a filtered algebra. It also follows 
directly that the symbol (B.14) is multiplicative as in the standard case. 
The extension to operators on sections of bundles is essentially notational. 
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